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CERTAIN RESULTS OF RICCI SOLTTONS ON (LCS) MANIFOLDSİ 


MUNDALAMANE MANVAPPA PRAVEENAİÖİ MALLANNARA SIDDALINGAPPA SIDDESHA ÖP, 
AND CHANNABASAPPA SHANTHAPPA BAGEVADI (5) 


ABSTRACT. İn the present paper, vve study Ricci solitons of (LCS)-manifolds vvhen quasi- 
conformal and pseudo proyective curvature tensors of (LCS)-manifolds are irrotational and 
flat. It is revealed that the results obtained by the above methods and using semi-symmetry 
and Fisenhart problems are the same. 

Keyvvords: (LCS)-manifolds, Ricci soliton, Binstein manifold. 


2010 Mathematics Subliect Classification: 53B30, 53C15. 


1. İNTRODUCTION 


Riemannian geometry gives the study of Riemannian manifolds and Riemannian manifold 
is equipped vvith symmetric bilinear and positive definite metric. "The Lorentzian manifold 
is a, special case of pseudo-Riemannian manifold vvhich is generalized Riemannian manifold 


and need not have positive metric tensor. 
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The study of Lorentzian concircular structure manifold shortly (LCS)-manifold initiated 
through Shaikh and Baishya in 2003 and 2005 generalize the idea, of L.P-Sasakian 
manifolds inaugurated through Matsumoto (1989) İ$İ, Mihai and Rosca (1992) I91. 

Ricci flov” vvas initiated by Hamilton in 1982 and he observed that it”s an attractive 
mathematical model for analyzing the fabrication of the manifold. "This is a rule that defaces 
the metric of a Riemannian manifold in an approach similar to the dissemination of heat. "This 
process is knovn as the geometrization con)ecture of Thurston smoothing out irregularities 
in the metric. İt gives an understanding of the geometry and topology of the manifold. Ricci 


soliton is self-similar to the Ricci flovr(it is extension of Einstein metric) and it is denoted on 


(M,g) by 


(Ləg4(U,VV)  2S(U, VV) FE 2Y9(U,VV) 0 (1) 


Ü is a vector field created by (öz hen one parameter group of transformations, ZLş means the 
Lie derivative along 0, T is scalar. "The Ricci soliton is shrinking: T “€ Ü, steady: YT — Ü and 
expanding: T 5 0. 

During the current tvvo decades, many mathematicians have investigated Ricci solitons of 
contact and Köhler manifolds İH3), Hil. m particular, Praveena et. al. investigated 
a, study on Ricci solitons in generalized complex space form. Hui et. al. (6) 41 and Blaga 
have studied some classes of Ricci solitons in (LCS)-manifolds. The scholars Bagevvadi 
et. al. studied geometry of Ricci solitons in (LCS)-manifolds. Prompted by the earlier 
investigations in this article vve investigate Ricci Solitons of (LCS)-manifolds vrhen quasi- 
conformal and pseudo-proyective curvature tensors in these manifolds are irrotational and 
flat. VVe also study compare our results vvith Ricci solitons of Eisenhart problem and semi 


symmetric. 


2. PRELIMINARIES 


A Lorentzian manifold M together vvith unit timelike concircular vector fteld £ (g(£, £) — —1), 
its associated 1-form ? (g(X, $) — ş(X)) and a (1,1) tensor field ö(take gU — AVyU6) is said 
to be a Lorentzian concircular structure manifold (briefly, (LCS)-manifold). Especially, if vve 


take o — 1 then vve can obtain the ZL.P-Sasakian structure of Matsumoto in (LCS)-manifold 
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for (n 5 2). Moreover in (LC8)-manifold the follovring relations hold: H6l. 


ğclaın66 vö6c—-i, 

ÖŞ mÜ, n:6Ü, g(X,6Y) — g(öX.Y), 

(Vxn)(Y) — alg(X:Y) “E ?(X)n(Y)l, o £ 0, 

Vx£ — alX ?(X)£) (2) 
Vxa — Xo: do(X) — pn(X), pm —ğo — —$ Vo (3) 
g(öÜ, 6V) € g(U,V) “- n(U hn(V), g(U)6) — q(U), 

R(U,V )£ — (o? — p)ln(V)U — n(U)V), (4) 
R(£, U)£ — (a? — p)in(U £ FU), (5) 


R(£,U)V — (a? — p)ly(U,V £ — n(V)U), 


for U,V € T(M). 


8. RICCI SOLITONS OF IRROTATIONAL QUASI-CONFORMAL CURVATURE 
TENSORS 


Yano and Savraki in 1968 defined and studied a, quasi-conformal curvature tensor field 
Q on M of dimension n vrhich includes conformal, concircular and M-profective curvature 


tensors as specific cases. İt is given by 


QÜV, U)VV — ahR(V,U)VV - bİS(U, VV)V — S(V, VV)U F 9(U, VV )OV — g(V, VV)QU) 


- iz sə) lg (U, VV)V — 9(V, VV)U1, (6) 


vvhere S(V, VV) — g(QV, VV). 
Using in (L,g)(U, VV) vve produce 


(Lzg)(U, VV) € 2oİ9(U, VV) — n(U hnÜV ). (7) 


((£, T, g) is a Ricci soliton in (LCS) manifold.) 
Again using and vve have 


S(U, VV) — —İ(o: ck T)9(U, VV) £ on(U )n(VV ). (8) 
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"The preceding equating yields that 
QU £ -İ(o: -E T)U 4 an(U 61, 
Le, S(U, 6) — —Y?(U), 
r— —Tn-— o(n—1). 
Put V/ -—€in (6) and using ül, vve have 


QÜV, U)£ — Aln(U)V — n(V )U), 


vrhere A — a(o? — p) — b(2T a) — 


sın 


curvature tensor Q on a Riemannian manifold is given by 


Rot Q — Curl 0- (VxOMV,U,VV) 4 (VvQ)(X,U,VV) 


“(VuQ)(X,V,VV) — (Vv,Q)(V,U, X). 
Under second Bianchi identity 
(VxO)V,U,V/)  (VVQ)LX,U,VV)  (VuQ)(X,V,VV) 0. 
Using in reduces to 
curl Q — -—(Vy,Q)(V,U,X). 
If Q is irrotational then cur/ Q — 0 and vee should have 


(Vv/Q)V,U, X) “0 


— Vvr(Q(V,U)X) — Q(VvV,U)X HE Q(V,Vy,U)X £ Q(V,UVyvX. 


Put X in and by virtue of (2). and vve have 


Q(V,U)VV — Aİ9(U, VV)V — g(V, VV)U1. 


Exercising the inner product of vvith X 


QV, U,VV,X) - Aİg(U, VV )g(V, X) — g(V, VV )g(U, X)). 


On contraction of the above equation over V and X and using ve get 


a(n — 1)(a? — p) — b(n — 1)(2T Ha) — br 
a —b(n —2) 


S(U,VV) — 


9(U, VV). 


(12) 


(sn .. 2). The rotation (curl) of quasi-conformal 


(14) 


(15) 


(16) 


(18) 
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Put U — V —€in and using (10), vve get the value of T as 
T — -(n — 1)(a? — 9). (19) 


VVe can consequently declare the follovving: 


Theorem 1. A Ricci soliton (g,€, T) in irrotational quasi-conformal (LCS) manifold is 
steady o? — p — Ü, shrinking a? — p € 0 and ezpanding a? — p 5 Ü. üke,, a? FE €a — 
0, a?  €o: 5 0, o? EE ğa € 0. 


Theorem 2. /f an (LCS)-manifold is quasi-conformallı flat then it is n-EFinstein provided 
bz 0. 


Proof. Suppose (LC8) is quasi-conformally flat then (6) becomes 


aR(V,U)VV -t bIS(U, VV)V — S(V, VV)U “ g(U, VV)QV — g(V, VV)QU) 


“(çir s2)) M miy - g(r.mr1-0 


Put V — V/ — € and using (5). in preceding equation then vve get 


aln(U)£ £ Ul(a? — p) 4. bl(n — 1)(a? — ə)n(U)£ dn — 1)(a? — ə) 


a 
n—l 


m ?(U)Q£ QU) -Z( z In(U)£ —-U) — 0. 


Taking the inner product by X 


a(a? — p)lo(U)n(X) £ 9(U, X)) £ bİ(n — 1)(a? — 2)ə(U)n(X) 


9. (n — 1)(a? — p)ə(U, X) “n(U)S(X,6) £ S(U, X)) 


- (zirə?) MUM(X) 4 9(0.X)-0 


— a(a? — p)lmU)n(X) “ 9(U, X)) 4 bl(n — 1)(7 — e)n(U )n(X) 


et (n — 1)(a? — 2)g(U, X) 4. (n — 1)(a? — 2)ntY )a(VV) “ S(U, X)) 


- (Çİ?) MUMA) 4 ə(0.X)-0 


q 
n—l 


ob) - (a? pla oa - it) 0)i(x) 


İZ.) b(n — 1)(o? 0) atr.x), (20) 


“. (LCS) manifold is n-Einstein provided $ 2£ 0. ü 
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Let (g, £, T) be Ricci soliton then 


(Leg)(U,X) 4 2S(U, X) --2Y9(U, X) —0. 


— aln(U )y(X) a g(U, X)) k S(U,X) 4 Y9(U, X) £ 0. 
Replacing U — X — £ in preceding equation vve get 
S(Ç, 6) b T9(6 6 0 — T — S(Ç € ÖT — bS(£LÖ). 


Setting U — X —£in and equate to above vve get 


by — £ ( ı o) (a)? — p)(a -- 29(n )) (21) 
"İl (z ən) b(n — 1)(a2 əl 1) 


— — (o? — p)la -- 2b(n — 1) — b(n —1)) 


— — (a? — p)la -- b(n — 1)). (22) 
Hence YT exists if b — Ü. So vve declare the follovring: 


Theorem 3. The Ricci soliton (g, €, Y) in quasi-conformally flat (LCS)-manifold evists if 
bz0. 


Remark 1. fi) Ifa — 1,5 — -. then Q decreases to conformal curvature tensor. İm this 
case TT — —(o” — 9). 
(0) 10 — İb O then Q decreases to M -profective curvuature tensor. İn this case 
T - (a — 1)(o? - ə). 


4. RICCI SOLTTONS IN IRROTATIONAL PSEUDO PROQECTIVE 
(LCS)-MANIFOLDS 


Prasad in 2002 defined and studied a, pseudo proyective curvature tensor field P on 


M of dimension vn vvhich includes proyective curvature tensor as specific case. It is given by 


P(V,U)VV — aR(V,U)VV -- PIS(U, VV)V — S(V, VV)U) 


-z (s 9) (0, y))V - 9(V, 7701, (23) 


m— 


Put V/ “in and using (4). vve have 


P(V,U )£ — 91n(V)U — n(V)U), (24) 
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p)-Tb- £ (zr-9). 


The rotation (curl) of pseudo proyective curvature tensor P on a Riemannian manifold is 


vrhere 6 — qiq: 


given by 
Rot P-— (VXxP/V,U,VV) - (VvP)(X,U,VV) 

“(VuP)(X,V,VV) — (Vy/P)(V,U,X). (25) 

Under second Bianchi identity vve get 
(VxP)V,U,V/)  (VvP)X,U,VV)  (VuP)(X,V,VV) — 0, (26) 

using above in (25). it becomes 

curl P — -(Vy,P)(V,U, X). 
If P is irrotational then cur/ P — 0 and vee obtain 


(Vv,P)(V,U, X) -0. 


— Vv/4P(V,U)X) — P(Vy,V,U)X--P(V,Vy,U)X - P(V,U Vy,X. (27) 
Put X -—£in and by virtue of (2). and vve have 
P(V,U)VV — 9l9(U, VVV — (V, VV)U1. (28) 


Taking inner product of vrith VV/ 
P(V,U,VV, X) — 9İ9(U, VV)9(V, X) — 9(V,VV)9(U, X)). (29) 


On contraction of equation over V and X, and using (e) vve gain 


(a(a? — ?) — 9T)(n 1) 
a-b(n—1) 


S(U,VV) — 9(U, V/). (30) 


Put U — V —€in and using (10), vve gain the value of T 


VVe can consequently say the folloving: 


Theorem 4. A ERicci soliton in irrotational pseudo profective (LCS)-manifold is steady, 


shrinking and erpanding accordingly if 


olda —Ü,o Ha 5 Ü,o”E6o c0 
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Theorem 5. A pseudo profectively flat (LCS)-manifold is n-Binstein provided b 2£ 0. 


Proof. Suppose (LCS) is pseudo proyectively flat then can vvrite 


a 


aR(V,U)VV -- bİS(U,VV)V — S(V,VV)U — R ( 


Put V — €, using and using 65). in preceding equation then vve gain 


"ai i) İş(U, V/)V — 9(V, V/)U) — 0. 


aR(6,U)VV -- bİS(U, VV)£ — S(£,VV)U — R (s -. )) İg(U, V/)£ — g(6,V/)U) — 0. 


n—l 


ie, a(a? — p)lg(U, VV)£ — n(V/)U1 4 5İS(U, VV)£ — (n — 1)(a? — p)n(V/)U) 


-1( “80) vU, - qr) - 0. 


nm mn—1 


Taking the inner product £ to precede equation then vve obtained 


a(o? — p)l-g(U, VV) — n(VV )(U)l F bi S(U, VV) — (n—1) 


il 
-— 


ko) tü) 4 atlı) 


n—l 


"E( 7 2 . 0) ətrin) 


Thus (LC8S)-manifold is n-Binstein. 


Next let (£, T, g) be Ricci soliton then 


(Le9 (U, V/) - 2S(U, VV) 4-2T9(U, VV) — 0. 


— aln(U )n(V) — 9(U, VV)) b S(U,VV) FE T9(U, VV) 0. 
Put U — VV — €, then the above reduces to 


From (32) and (33), Yo — bS(£, €) 
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Suppose $ z£ Ü then 
T — -(n — 1)(a? — 9). (34) 
Thus vee have the folloving theorem: 


Theorem 6. A EPpicci soliton (g, €, T) in pseudo profectively flat (LCS)-manifold erists if 
b 2£ 0 and T — -—(n — 1)(o? — p). 


Bagevvadi et. al. El, proved the folloving result: 


Theorem 7. /f a Ricci soliton in (LCS)-manifold satisfying R(6, X).M then 
T — -(n — 1)(a? — 9). 
ə İt is shrinking if characteristic vector field £ is orthogonal to Vo. 
ə İt is shrinking of the angle betueen characteristic vector fteld £ and the gradient vector 
feld Vo: is acute. 
e İL is shrinking if o? 5 k Vol, espanding if o? € k Va İl, and steady if a? — kl 
Val: 


The value T in (19), (22), and is same as T in above theorem. Hence vve conclude 


the follovring result: 


Theorem 8. İ/f a Ricci soliton in (LCS)-manifold satisfies conditions such as irrotational 
quasi-conformal, quasi-conformally fat, irrotational pseudo proyectüve and pseudo profective 


fat then YT — —(n — 1)(a? — p). Further 


ə İt is shrinking if characteristic vector field £ is orthogonal to Vo. 

ə İt is shrinking of the angle betueen characteristic vector fteld £ and the gradient vector 
field Vo: is acute. 

ə İt is shrinking if a? 5 k 1 Val, erpanding if a? € k 1 Va İ, and steady if o? — kl 
Val. 


Shaikh et.al. İB), proved the follovring result 1.e., Ricci solitons using the Fisenhart problem 
in (LCS)-manifolds. 


Theorem 9. Suppose that in (LCS)-manifold the (0, 2) type tensor field Lşg -E28 is parallel, 
uhere 0 is a güven vector field, then (g, 0) yields Ricci soliton and it is given by 


T — -(n - 1)0a? - 9). 
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Situated on the earlier all results vve resolve that the value of T — —(n — 1)(a? — 2?) is 


same as Theorem (8) and Theorem 0). 


6. CONCLUSION 


The condition obtained for Ricci solitons of (LC.S) manifold all the four methods: semi- 
symmetry, irrotational, flatness and Fisenhart problem is same i.e. T — —(n — 1)(a? — p). 
Hence the geometry of (LC) manifold is same i.e. T — —(n — 1)(a? — p) in all these cases: 


semi-symmetry, irrotational, flatness and Fisenhart problem. 
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ON f-BIHARMONIC AND BI-f/-HARMONIC FRENET LEGENDRE 
CURVES 


ŞERİFE NUR BOZDAĞ Ö ” AND FEYZA ESRA ERDOĞAN) 


ABSTRACT. This paper is devoted to study the f-harmonic, f-biharmonic, bi- f/-harmonic, 
biminimal and f-biminimal Frenet Legendre curves in three dimensional normal almost 
paracontact metric manifolds and determine the necessary and sufficient conditions for these 
properties. Besides these, some characterizations for such curves have been defined in par- 
ticular cases of a three dimensional normal almost paracontact metric manifold and some 
nonexistence theorems have been obtained. 

Keyvvords: Frenet curves, Legendre curves, Normal almost paracontact metric manifolds, 
/F-Harmonic curves, f-Biharmonic curves, Bi- f/-Harmonic curves, f-Biminimal curves. 


2010 Mathematics Subliect Classification: 53D15, 53C25, 53C43, 58E20. 


1. İNTRODUCTION 


"The theory of curves is one of the most important topic in differential geometry and up 
to date from the past to the present. In the theory of curves there are many special types 
such as Frenet curves: slant curves, Legendre curves and these are studied in many different 
manifolds. In particular, Legendre curves have an important role in geometry and topology 
of almost contact manifolds. Among the papers on Legendre curves studied on contact 
manifolds in the literature, the most basic ones can be listed as 18) 191. 
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On the other hand, studies on Frenet Legendre curves are nevver. "These studies, vvhich 
are a source of motivation for us, can be briefly listed as (251. In this study, different from 
previous studies vvhich are focused on curvature and torsion, vve handled the maps, vvhich 
briefly mentioned belovr, in terms of different cases of o:, 9 and ö. 

Harmonic maps vvhich vvere defined by Sampson and Eells, in İSİ have a vide fteld of study 
due to their vvide applications such as physics, mathematics and engineering. 

Besides, in İİ41l, Tang obtained biharmonic maps betvveen the Riemannian manifolds by 
generalizing harmonic maps. 

/f-harmonic maps have a, physical meaning as the solution of inhomogeneous Heisenberg 
spin systems and continuous spin systems, İl. For this reason, the maps in question are 
of interest not only for mathematicians but also for physicists. f-harmonic maps betvveen 
Riemannian manifolds vvere introduced by Lichnerovvicz in 1970 and then examined by Eells 
and Lemaire in İ9l. 

On the other hand, the strong relationship betvveen /f-harmonic and harmonic maps is 
summarized by Perktaş et.al. as follovvs, in (251. The first one, extending bienergy functional 
to bi- f-energy functional and obtaining a nev type of harmonic map called bi- f-harmonic 
map. The second one extending the f-energy functional to the f-bienergy functional and ob- 
tain another type of harmonic map called f-biharmonic map as critical points of f-bienergy 
functional, D21. 

/f-biharmonic maps, vvhich are the generalization of biharmonic maps, are defined by Lu, 
in ÜSİ. Lu defined also f-biharmonic maps betvveen Riemannian manifolds, in l6l. Hovvever, 
Ou gave complete classification of f-biharmonic curves in three dimensional Fuclidean space 
and characterization of f-biharmonic curves in n-dimensional space forms, İ21l. m addition, 
recent studies can be summarized as: Hö). 

Moreover, bi- f-harmonic maps as a generalization of biharmonic and f-harmonic maps 
introduced by Ouakkas et. al,, in /22İ. Im addition, Roth defined a, non- f/-harmonic, /f- 
biharmonic map as a proper /f-biharmonic map, İ6l. It should be emphasized that there is 
no relationship betvveen f-biharmonic and bi- f/-harmonic maps. 

Biminimal immersions and biminimal curves in a Riemannian manifold vvere defined by 
Loubeau and Montaldo, İT7İ. 

Finally, f-biminimal immersions vvere defined by Karaca and Özgür, in İİİ. They con- 
sidered f-biminimal curves in a Riemannian mahnifolds. 


Based on these studies in this paper, first vve give basic notions vvhich vrill be needed 
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in other sections. In section 3.1, vve shov that there is no f-harmonic Frenet Legendre 
curve in three dimensional normal almost paracontact metric manifold. In section 3.2, vve 
get f-biharmonicity condition of a, Frenet Legendre curve in three dimensional normal al- 
most paracontact metric manifold and determine this condition in different cases such as 
6-para-Sasakian, o-para-Kenmotsu and paracosymplectic manifolds. ln section 3.3, vve ob- 
tain bi- f-harmonicity condition of a Frenet Legendre curve in three dimensional normal 
almost paracontact metric manifold and also discuss this condition in various manifolds. Im 
section 3.4, vve obtain biminimality condition of a Frenet Legendre curve in three dimensional 
normal almost paracontact metric manifold. Finally in section 3.5, vee get f-biminimality 
conditions of Frenet Legendre curves in three dimensional normal almost paracontact metric 


manifold. 


2. PRELIMINARIES 


"This section, includes some definitions and propositions that vvill be required throughout 


the paper. 


Definition 2.1. Zet (N, g) and (N,g) be Riemannian manifolds, then a harmonic map 


6 :(N,g) — (N,) is defined as the eritical point of the energy functional 


2. 


here uş is the volume element of (N, g). Then by using Euler-Lagrange equation T(6) of the 


energy Functional E(ö), uhere it is the tension field of map 6, a map called as harmonic if 
T(6) :z traceVdö — 0. (2.1) 


HereNV is the conmnection induced from the Leuvn-Cövita connection VN of. N and the pull-back 


conmection V?, III. 


Biharmonic maps, vvhich can be considered as a natural generalization of harmonic maps, 


are defined as belovv. 


Definition 2.2. A map 6 : (N,g) — (N,9) is defined as a biharmonic map if it is a eritical 


point, for all variations, of the bienergy functional 


Bə(o) - ə İ, vto)Fdu, 
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Then the Fuler-Lagrange equation və(o), for the bienergy functional Eə(6), ahere və(0) is 
the bitension field of map 6 equals to 


Tə(6) — trace(V?V? — V?)r(6) - trace( RN (dö, T(0))do) — 0, (2.2) 
if 0 is a biharmoniüc map. Here RN, the curvature tensor field of N, is defined as 
RN(X,Y)Z — VXVÜZ — VİVXZ -ViyiZ, 
for any X,Y,Z €T(TN) and V? is the pull-back connection, Lİ. 


One can easily see that harmonic maps are alvays biharmonic. Biharmonic maps vvhich 


are not harmonic are called proper biharmonic maps, İ241. 


Definition 2.3. A map ö : (N,g) — (N,9) is said to be an f-harmonic if it is eritical point 


of f-energy functional, 
1 
Ey(e) — 5 İ, fidePdu, 
N 
vhere f € C”S(N,R) is a positive smooth function. Then the f-harmonic map equation 


obtained by using Fuler-Lagrange equation as follous, 
Tr(ö) — fr(ö) "r dölgradf)) £ 0, (2.3) 


here ry(6) is the f-tension field of the map ö. 


T-harmonic maps are generalizations of harmonic maps, İE2,İ0. 


Definition 2.4. A map ö : (N,g) — (N)ğ) is said to be an f-biharmonic if it is eritical 


point of the f-bienergy functtonal 


Es,(6) - 5 İ, firto)Fd,. 


The Euler-Lagrange equation for the f-biharmonic map is given by 


Tə, (6) — fre(6) k Afr(ö) 4 2V7 4ar7(6) — 0, (2.4) 


uhere və, (6) üs the f-bitension feeld of the map 6. 


A f-biharmonic map turns into a biharmonic map if f is a constant, İ6l. 


Definition 2.5. A map ö : (N,g) — (N)ğ) is said to be a bi-f-harmonic if it is eritical 


point of the bi-f-energy functional 


1 
Eyat0) - ə İ, rtolFdu, 
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The Euler-Lagrange equation for the bi-f-harmonic map is given by 
Trə(0) — trace((V”1(V7r/(6)) — fVÇŞəvy(6) 4 fR(ry(o),de)də) -0, (2:5) 
unhere rTro(ö) is the bi-f-tension field of the map ö, 1221. 


Definition 2.6. An /mmersion ö : (N,g) — (N,9) is called biminimal if it is eritical point 
of the bienergy functional Eə(6) for variations normal to the image 6(N) € N, unth fized 
energy. Fqudvalenthy, there ezists a constant A € R such that ğ is a eritical point of the 


A-biecnergy functional, 
Eə,x(ö) — Ex(6) r AE()). 


The Euler-Lagrange equation for a X- biminimal immersion is 


İz (6)l7 — Fe(o)l” — Ar(o)lF “0, (2.6) 


for some vahıe of X € R, uhere LİF: denotes the normal component of kl. An immersion is 


called free biminimal if it is biminimal for A — Ü, H7İ. 


Definition 2.7. An ömmersion ö : (N),g) — (N)g) is called f-biminimal if it is a eritical 
point of the f-bienergy functional Eə r(6) for variations normal to the image 6(N) € N, 
vüth fized energy. Fqudvalenthy, there erists a constant AX € R such that ö is a critical point 


of the AX-f-bienergy functional, 


Fə xr(o) € Fə,y(6) v AE,(6). 


Using the Buler-Lagrange equations for f-harmonic and f-biharmonic maps, an immersion 
is f-biminimal if 
Fəə,(6)İ” “ Ee, (6)H — Ary (ll — 0, (2.7) 


for some value of A € R. An immersfon is called free f-biminimal if it is f-biminimal for 


A — Ü, ff f is a constant then the immersion is biminimal, ÜH. 


Definition 2.8. A differentiable manifold N?"71 is called almost paracontact metric man- 
ifold if it admits a tensor fteld e of type (1,1), a vector field £, a 1-form n and a pseudo- 


PBüemannian metric g satisfying the follouüng conditions: 


o” —1-n66, n(6 1, g6—0, g(eX,eY) — —g(X.Y) -- n(X)v(Y), (238) 
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uhere X, Y € TN and 1 s the identiüty endomorphism on vector ftelds. g is called compatible 
metric and any) compatible metric is necessarily of signature (nc 1, n). In an almost paracon- 
tact metric manifold N, n o o — Ü and rank(p) — 2n. From ÜZ.5). g(X,eY) — —g(eX,Y) 
and g(X,$) € n(X), for any X,Y € TN. The fundamental 2-form of N is defined by 
Ö(X,Y) — g(X, eY). An almost paracontact metric manüfold (N, e, £, n, g) is said to be nor- 
mal if “V (X,Y) — 2dn(X,Y )£ — Ü, uhere -/V is the Niyğenhuis torsion tensor of o, İ291. 


Proposition 2.1. For a three dimensional almost paracontact metric manifold N, ihe 


follouving conditions are mutuallyy equdvalent: 


İN 6s normal, 


ik- fhere erist a, 5 functions on N such that 
(Vx e)Y — a (g(eX.Y )£ — n(Y)eX) r 6 (g(X,Y )£ — n(Y)X), (2.9) 
ili- £here ezist a, 5 functions on N such that 
Vx £ — o (X — y(X)6) F 6eX. (2.10) 
Moreover, the funcütions o:, 9 realizing as uell as are güven by 


20: — traceTlX — Vx£), 28 — tracefX € eVx 6). 


For a three dimensional normal almost paracontact metric manifold vhere a, 9 — consfant, 


the curvature tensor field equation becomes 


R(X.Y)Z 


(2-2 (a? 4. £?)) (ty, 22X - g(X, ZY) 

— g(X,2) (2 “3 (a? --6?)) at 

- (5 3(a? 4. 67)) r(Y)n(2)X 

— ty, Z) (£ 4.3(a? 4. 7)) a(Ög 

— (5: 3a7 4. 87)) nÖÖn(ZİY, (2.11) 
vhere X,Y,Z € TN and r is the scalar curvature, B41. 


Definition 2.9. A f)prce dimensional normal almost paracontact metric manufold is called, 


. 9-para-Sasakian if o c Ü, 6 2 Ü and 6 is constant, 
. para-Sasakdüan if o: — Ü, 6 — —1, 
. quasi-para-Sasaktüan if o: — Ü and 6 ££ 0, 


. a--para-Kenmotsu if o: z£ Ü, 6 — Ü and o is constant, 
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. paracosymplectic if o: — 8 — 0, 91. 


Definition 2.10. Zet (N, o, £, n, g) be a three dimensional normal almost paracontact metric 
manaifold uhere or, 6 — constant. The structural function of the immersed curve y :1? CC R—” 


(N, g) is the map ce, : 1 — R güven by 


uhere T — yy . Then the curve 7 called as Legendre curve if c, — n(T(s)) — 0, PI. 


VVith the help of these definitions, vve get f-tension field, f-bitension field, bi- f-tension 
feld, the biminimality and f-biminimality conditions of a Frenet Legendre curve in a three 


dimensional normal almost paracontact metric manifold as in folloving sections. 


3. FRENET LEGENDRE CURVES 


Let y :7 — N be a cürve in a three dimensional pseudo-Riemannian manifold N such 


that gÜY,”) — £ı vrhere cı — land V,y” denotes the covariant differentiation along 7. 
Then ?7 is a Frenet curve vith 17, N, B) Frenet Frame if one of the folloving three cases 
hold: 

(1) 7 is of osculating order 1, V,/ ” — ( (geodesics), 

(2) 7 is of osculating order 2, there exist txvo ortonormal vector fields T, N and a positive 


function k along 7 such that 
Ver — ke2N, VAN — —KE€11, 


(3) v is of osculating order 3, there exist three ortonormal vector ftelds T, N, B and tvvo 


positive function k and r along 7 such that 


VT — xe2N, V,N “-keaT kreşB, V, b -relN, 


vrhere T — 7/,9(N,N) — eş — 1, g(B,B) — eş — 1, k is the curvature and zr is 
the torsion function, İ271. 
Note that in this paper, vee study vrith vy : 7 € R — N non-null curve parametrized by 
arc length on a pseudo-Riemannian manifold NN vvhich is a three dimensional normal almost 
paracontact metric manifold vvhere or, 69 — constant. In this case, from Definition and 


Definition 2.2) tension and bitension fields reduces to 


Ty) -VrT (3.12) 
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and 

Tə(y) — VTT — R(T,VrT)T —0 (3.13) 
E201. 
Novr, let v : 7 — N be a Frenet Legendre curve in N and (7, e7, €) are ortonormal vector 
fields along 7 vvhere yy — T. By differentiating g(T,€) — 0 along 7, it is obvious that 
g(VrT, €) € —eia. Then VzT obtained as belovv 


VrT — —€ı0:$ — €1ÖÇGT, (3.14) 


vrhere ö is a function defined by ö — g(VzT, 7), İ7). 


Let investigate the necessary and sufficient conditions of a Frenet Legendre curve to be f- 
harmonic, £-biharmonic, bi- f-harmonic, biminimal and f-biminimal in a three dimensional 
normal almost paracontact metric manifold in terms of different cases of or, ? and ö. 

It should be noted that, throughout our paper, for the sake of shortness, only /V vvill be 
called instead of a three dimensional normal almost paracontact metric manifold /V vvrhere 


o, 6 — constamt. 


4. f-HARMONIC FRENET LEGENDRE CURVES 


In this subsection, vve investigated the f-harmonicity condition of a Frenet Legendre curve 
in N. 
Let v : 7 — N be a Frenet Legendre curve in N. Then vrith the help of Definition Ö2.3land 
equation (5.12), £f-harmonicity condition obtained as belovv: 


T/(0)  fr(q) “ diy(gradf) — fVrTT FE fT 0. (4.15) 


Based on this result, vve can express the follovring theorem: 


Theorem 4.1. There is no f-harmonic Frenet Legendre curve in a three dimensional normal 


almost paracontact metric manifold uhere or, B — constant. 


Proof., The f-harmonicity condition for this kind of curves obtained by substituting 
equation (3.14), in equation (4.15) as belovv: 
T0) - fVrTafT 


f(—eio£ — eiögT) H fT 


f T — (eıaf)£ — (eiöf)eT —0. (4.16) 
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From equation (4.16): it is easy to see that f” — 0 namely, f is a constant function. This is 


a, contradiction vvith the definition of f-harmonic curves. 


6. f-BIHARMONIC FRENET LEGENDRE CURVES 


ln this section, vve obtain the f-biharmonicity condition of a Frenet Legendre curve in 
N. In addition, vve make detailed examinations for o-para-Kenmotsu, Ö-para-Sasakian and 
paracosymplectic manifolds. 
First, let determine the f-biharmonicity condition for this kind of curves. By using tension 


and bitension field equations, /-bitension field zə ?(7) obtained as belovr, İ21): 


mə) -. fmio) 4 (Af)rii) 4 ÖV yar(0) 


76007 — Hİ VUT 0 VT Vi (5.17) 


Then by differentiating VyT — —ıo — “ıöçT” vrith respect to T, vve obtain Ver and Var 
as belovv: 


VZT — (6? — eıo?)T — eı(o$ 9 )eT — ö6€ (5.18) 


and 


V3T — 366 T H (a?ö — 66? — e:63 — ei6” )ƏT (a — ci? — ein? — 286” )65. (5.19) 


After that by substutiting VzT” into the curvature tensor field formula (2.11) ve find, 


R(T,VTTİT — —a(a? 4. 6706: 9 - 2(a? 4. 67))əT. (5.20) 
Finally, vve determined the f-biharmonicity condition as belovv: 


Tər) — f(VİT — R(T,VrTTİT) r f”VrT 2fV2T 


— (366 f 4. 2(6? — cıa”)f)T 


“ ((-a26 — 3026 — 163 — eiö” 25) 2e (ağ 4.6” )f” — eöf”)əT 
-E (205 — aıa6” — 206 f — 266 — eiof”£ 
— 0. (5.21) 


VVith the help of this result, vve can state the folloving theorems: 


Theorem 5.1. Let v : 7 — N be a Frenet Legendre curve parametrized by arc length ön 


three dimensional normal almost paracontact metric manifold N uhere or, Ö are constanis. 
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Then y is an f-biharmonic Frenet Legendre curve if the follouing equations hold: 
366” f 4 2(6? — eıo?)f — 0, 
(a?3 3628 4-ei9) “sö” 4 2ö)f 4.26 (ağ 4 3)f 4. sif" —0, (5.22) 


(205 — eıo6? — 286 f — 266f) — eıof” — 0. 


TTheorem 5.2. Let yv : 1 — N bc a Frenet Legendre curve parametrized by arc length in 
three dimensional normal almost paracontact metric manifold N uhere ox, 8 are constants. 
Then yy is an f-biharmonic Frenet Legendre curve if and only if the function f and 1he scalar 


curuature r are güven by, 


and 


” 


e16 (ağ 6”) 6(67)7a? x 66670? — 6e:656” -k 15e:(66”)? 


ül 
ə... 2 20 
r lo” 367 16” ei pos a) 1(exa2 — 22) İ. 
uhere 2055 — eya3? — 286” — 2098A eıo/(A” -—.A2) — 0 for A — - and a£ıo? — ö? 2 0. 


Novr, vve give the interpretations of "Theorem 
Case 1: Assume that ö is not equal to a constant. 


Case 1-1: If N is a three dimensional 8-para-Sasakian manifold and ö 2£ consfant then 
vve have follovring equations from (5.22): 
366 f  262f — 0, 
(3876 - en63 4 eiö” 4 £6)f 42616” fi 4 eröf” —0, (5.23) 
gö f öf —0. 


Hence vee obtain the folloving theorem: 


Theorem 5.3. There is no f-biharmoniüc Frenet Legendre curve in a ihree dimensional 6- 


para-Sasakian mamnaifold uhere ö 2£ constant. 


Proof. By solving the first and third equations of (5.23) together, it is easy to see 


that there is a contradiction betvveen them. 
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Case 1-2: If N is a three dimensional a-para-Kenmotsu manifold and ö 2£ constant then 


vve have follovring equations from (5.22): 


366” f 4 2(6? — cıo?)f — 0, 
(o26 -E ey65 H siö” — 25)f “-2e15 f Hesöf” —, 


(205 — £ıa6?)f — eıaf" —0. 


So vre have the follovring corollary: 


Corollary 5.1. Let v : 1 — N be a Frenet Legendre curve parametrized by arc length in a 
three dimensional aı-para-Kenmotsu manifold N ah ö is not equal to a constant. Then y is 
an f-biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature 


T are güven by, 
f — (zıa” — öz)” -Fc 


and 


” 


ö eığ öl 6(6/)7a? -- 6667? — 6e:636" — 15e: (66)? 
— 2 
r lə” — eq” Ee: ? caz m: 1(ea? — 62) b 


, 


here 2a5 — ayıq? — eıo/(A” -- 4?) — 0 for A — ƏLLƏR and eıo? — ö? 2 0. 


Case 1:3: If N is a three dimensional paracosymplectic manifold and ö 2£ constant then 


vve have follovring equations from (5.22): 


366” f 4. 262f” — 0, 
(e103 k esö” 4 557 000202 


Therefore, vve obtain the folloving corollary. 


Corollary 5.2. Zet y : 1 — N be a Frenet Legendre curue parametrized by arc length 
in a ihree dimensional paracosymplectic manifold N. Then for ö z£ constant, 7 is an f- 
biharmonic Frenet Legendre curve if and only if the function f and the scalar curvature vr 


equal to: 


and 


” ü ıl , ” 
r — —2eş10” 6719 — 3677(6 37 dö — 5 öll, 
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Case II : Assume that ö — constant 2£ 0. "Then vve investigate the folloving subcases: 


Case TI1I-1: If N is a three dimensional 9-para-Sasakian manifold and ö — constant z2£ 0 


then vve have follovring equations from (5.22): 


əf 0, 
(38? H- e16? — Ş)f Eeif" —0, (5.24) 
25— 


Hence vee obtain the folloving theorem: 


Theorem 5.4. There iös no proper f-biharmonic Frenet Legendre curve in a three dimen- 


stonal 8-para-Sasakian mamafold aüth ö — constant 2£ 0. 


Proof. For ö € constamt 2£ Ü, from the first equation of (5.24) vee obtain that f/ — 0, 
this situation contradicts the definition of the f-biharmonic curve. 
Case 11-2: If N be a three dimensional a-para-Kenmotsu manifold and ö — constant 2£ 0 


then vve have folloving equations from (5.22): 


(6? — eıo?)f — 0, 
T ” 
(a? sif” zTssif “0, 
(207 — cıö”)f —if” “0. 
So, vve have, 
Corollary 5.3. Let y :1 — N be a Frenet Legendre curve parametrized by arc length in a 


three dimensional o:-para-Kenmotsu manifold N. Then y is an f-biharmonic Frenet Legendre 


curve if and only if the function f and ihe constant scalar curvature r are given by 
f - s” T ee əə 
and 
Tr — —$6o:”, 


vhere f € C”S(N,R) is a positive smooth function dependent on s arc length parameter, 


ö — lal unü ey 1. 
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Case TI1-3: Let NN be a three dimensional paracosymplectic manifold and ö € constant 2£ 0 


then vve have follovrings from (5.22): 


— (5.25) 
(£19? -ıli meif” —0. 


Hence vve have the folloving nonexistence theorem: 


Theorem 5.5. There ös no proper f-biharmonic Frenet Legendre curve in a three dimen- 


sional paracosymplectic manifold vhere ö — constant 2£ 0. 


6. BI-f-HARMONIC FRENET LEGENDRE CURVES 


In this subsection, vve handle bi- f/-harmonic Frenet Legendre curves in NV. Also vve ob- 
tained bi- f-harmonicity conditions for o-para-Kenmotsu, 9-para-Sasakian and paracosym- 
plectic manifolds. 


First let determine the bi- f-harmonicity condition in a, three dimensional normal almost 


paracontact metric manifold. By substutiting equations (3.14), (5.18), (5.19) and (5.20) into 


the bi- f-tension field formula, ry. (7) obtained as belovr, 125): 


Tro(7) € trace(V7 f(V7Tr/(7)) — fVÇary(o) v fRi(ry(o) dedı) 
— (ff”)T 4 (37f” 4.2(f”))VəT 4.47 f VT 4 f”VİT 4 f”R(VrT,T)T 
— I(ff”) 4ff (6? — eio?) -.a/?661T 


-— EF3ezo ff” — 2exo/(f”)? — Af f 38 4 f7(203 — cia6? — 266” )eT 


-- İ-sadff  — ösi6(f ) —dsff (ağ -6) 


-f?( zil a?6 — 3026 — e368 — ei” )I£ 


— Ü, (6.26) 
vrhich implies the folloving. 


Theorem 6.1. Left y : 7 — N be a Frenet Legendre curve parametrized by arc length 


in thrce dimensional normal almost paracontact metric manifold N uhere a, 6 — constant. 
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Then y is a bü-f-harmonic curve iff the folloving equations hold: 


(717) 4. 4(57 — ea?) ff) 4.366 f? —0, 
3eyo ff” q 2ao((f”? dc 468 ff) — (203 — eio6? — 206” )f? — 0, (6.27) 


Söff” s 26(f))) — 4(a8 6 ff (şs -- a26£ı  3076ci 65 167)f? —0. 


Novv, vve give the interpretations of "Theorem 


Case I : Assume that ö is not equal to constant. "Then vve investigate the folloving 
subcases: 
Case 1-1: If N a three dimensional 9-para-Sasakian manifold and ö 2£ constant then vve 


have folloving equations from (6.27): 
(ff) 462f f 366 1? — 0, 
256f 57 —0, 


səf” 4 29(” 7 As ff 4 (Şei5 4-.887si5 4.9) 4.37) 0, 


Then ve obtain the folloving corollary. 


Corollary 6.1. Zet y :1 — N be a Frenet Legendre curue in a ihree dimensional 6-para- 
Sasakian manifold N. Then y is a bi-f-harmonic curve here the funcüon f and the constant 
scalar curvature r are güven by, 
f-ö nc 
and 
r — 3e16 2(6/)? H ei6716” — şə9 726 —.-8: 


”. 


for uhere 6 2£ constant is the solution of —9(6")5 4. 106679” — 2626” - 49046" — 0 differential 


equaldon. 


Case 1-2: If N is a three dimensional o-para-Kenmotsu manifold and ö 2£ constant then 


from (6.27), ve obtain folloving equations: 
(f7) 4. 4(6? — ero?) ff” 4.366 f? —0, 
SİF” 3-2(£ 7 700? — 267) —ü, (6.28) 


3öff” 4 26(£ )? 46 ff (şsi6 -- a?6eı 4 035 67)f? —0. 


126 Ş. N. BOZDAĞ AND F. E. ERDOĞAN 


So, vve have the follovring corollary. 


Corollary 6.2. Zet y : 1 — N be a Frenet Legendre curve parametrized by arc length 
in three dimensional a--para-Kenmotsu mamnifold N uhere ö 2£ constant. Then y is a bi-f- 


harmonic curve iff f is a solution of the non-linear düfferential equations güven in (6.28). 


Case 1:3: If N is a three dimensional paracosymplectic manifold and ö 2£ constant then 


from , vve obtain the follovring equations, 


(7) 4.Af f 0? 4366 f? —0, 
(6.29) 


Böff” 4237) das ff” k (ei 4:95 497)? -0. 


Hence vve obtain folloving corollary. 


Corollary 6.3. Zet y : 1 — N be a Frenet Legendre curue parametrized by arc length 
in three dimensional paracosymplectic manifold N ahere ö 2£ constamt. Then y is a bi-f- 


harmonic curve iff f is a solution of the non-linear differentüal equations given in (6.23. 
Case 1-4: If N ff” — O and ö 2£ constant then via equation (6.27), vve obtain folloving 


equations: 


Af (6? — cıo?) 3/66” — 0, 
2e1o(f”)? 47768 — f?(2o5 — eıo6? — 206) — 0, (6.30) 


26(f7)) Af f (o 6) Pşesi -- o7ö6eı 4 3076si 656") — 


VVe have the follovring corollary. 


Corollary 6.4. Zet y : 1 — N be a Frvenet Legendre curue parametrized by arc length 
in a three dimensional normal almost paracontact metric manifold N uhere ff" — 0 and 
öÖ z£ constant. Then y is a bi-f-harmonic Frenet Legendre curve uhere the function f and 


the scalar curvature r are güven by, 
f— (aa” 6”) .. 


and 


öt (5603 96709 Y) 
— —21a? 4.36? - e:ö? : 
. la? 4-36? H a6” Heş yu 0 8(zıo? “ayıl: 


here 2eaıo:A? 4468 — (205 — eıaö? — 286 hü yracm - and aıo? — ö? 2 0. 
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Case I-5: If N a three dimensional 9-para-Sasakian manifold, ff” — 0 and ö z£ constamt 
then from equation (6.30), ve obtain folloving equations: 


Af 6 4.36 f — 0, 


25 4-3 f —0, (6.31) 
2e16(f”)? s 4ei6 ffx pç - 3626 de365 F eiö”) —0. 
VVe have the follovring nonexistence theorem. 


Theorem 6.2. There is no bü-f-harmonic Frenet Legendre curve in a ihree dimensional 


8-para-Sasakian manifold uhere ff" — 0 and ö z£ constant. 


Proof. VVhen first and the second equations of solved together, vve obtain 
ö f — 0. For 6 z£ constamt and ö f — 0, ve get that f — 0 vhich is a contradiction to the 
definition of bi- f-harmonic curve. 

Case 1-6: If N a o-para-Kenmotsu manifold, ff” — 0 and 6 Z constant then from 
equation vve have follovring equations: 


Af (6? — eıa?) 366 f — 0, 
2e1(f)? — f?(2ox? — eı6?) — 0, 


2e:9(” 7) def f 3 q PP(Ş9 4 o?9 4-6” 4. ei9”) 0. 


Then, vve have the folloving corollary. 


Corollary 6.5. Zet N be a o:-para-Kenmotsu manifold uhere ff" — 0, ö s£ constamt and 
yc 1? — N be a Frenet Legendre curve. Then y is a bi-f-harmonic curve here the function 


f and the scalar curvature r are güven by, 


and 
(605 , 9ö?(67)? I 
£ıo/? .- öz 8(eıa? — ö2)2 ” 


F€ı 


uhere 6 is the solution of 3e:6?(6")? — 2(20? — ei6?)(eia? — 6?)? — 0 differential equation and 


and eıa? — ö? 2 0. 
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Case 1-7: If N is a paracosymplectic manifold, f f — Ü and ö 2£ constant then from 


(6.30), vve obtain folloving equations: 

Aff 9? 4.3f?66 —0, 

2eyö((f)? --.4e) ff 6 x ps 4. e163 4-c6”) — 0. 
VVe have the follovring corollary. 


Corollary 6.6. Let N be a paracosymplectic manifold uhere ff" — 0, 6 2£ constant and 
yc 1? — N be a Frenet Legendre curve. Then y üs a bi-f-harmonic curve uhere the function 


f and he scalar curvature r are güven by, 


and 


T— 2e:6? 2€1 - 


Case II : Assume that ö — constant is not equal to 0. "Then vve shall investigate the 


follovring subcases: 


Case I1-1: If N a three dimensional 9-para-Sasakian manifold then vve have folloving 


equations from (6.27): 
(ff aff 9” -0, 
2 (6.32) 
855” 474 fiÇei 4 367ci 4.67) -0. 

Hence, vve give the follovring theorem, 


Theorem 6.3. There ös no proper bi-f -harmonic Frenet Legendre curve in a three dimen- 


sional 95-para-Sasakian manafold ahere ö — constant z£ 0. 


Proof. From (6.32), the proof is obvious. 
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Case TI1-2: If N a three dimensional a-para-Kenmotsu manifold and ö £ constant 2£ 0 


then vve have folloving equations from (6.27): 
(7) HAff (6? — eia?) “ 0, 
3sff” q of? — f.0o?ci — 6?) 0, 


3ff" sou pe - a2eq 4-22) —0. 


So, vve have the follovring corollary: 


Corollary 6.7. Zet y : 1 — N be a Frenet Legendre curve in a three dimensional or- 
para-Kenmotsu manifold N. Then y is a bi-f-harmonic curve uhere ö — constant s£ Ü, 
the constant scalar curuature equals to r — —6o? and the function f is a solution of the 


non-linear differentüal equations güven as, 
(7) x Aff (0? — ei?) - 0, 
3a ff” 2o(f)? — f?(2a5ea) — o6?) —0. 


Case I1-3: If N a three dimensional paracosymplectic manifold and ö — constant 2£ 0 


then vve obtain the folloving equations from (6.27): 


(ff”) q ff 9? —0, 
(6.33) 


3ff" sou pa 77 


"Then vve have, 


Corollary 6.8. Let v : 1 — N be a Frenet Legendre curve in a pracosymplectic mamifold 
N. Then ? is a bi-f-harmonic curve uhere ö € constamt 2£ Ü, the scalar curvature r is given 


by, 


” , 


T — öcı T “s (İ-7 0z:6” 


and the function f is a solhution of the non-linear differential equations güven in equatton 


(0-95). 


Case TI-4: If N a three dimensional normal almost paracontact metric manifold, ff” — 0 


and ö € constant ?£ 0 then from (6.27), vve obtain that ? is a bi- f-harmonic Frenet Legendre 
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curve if and only if 
Af f (6? — cıa?) — 0, 
2eyo((f”)? 477769 — f2(203 — eio6?) — 0, (6.34) 


2e:9((”) dasi ff aB x P(Çö 4 a26 4. 8828 “.ey69) —0. 


Hence vve give, 


Corollary 6.9. Zet y : 1 — N be a Frenet Legendre curve parametrized by arc length in N 
uhere ox, 8 — constant, ff” — 0 and 6 — constant z£ 0. Then y is a bi-f-harmonic curve (ff 


fis a solution of non-linear differential equations güven in equation (6.54). 


Case I1-5: If N a three dimensional 9-para-Sasakian manifold and ö — constant z2£ 0 


then vve have folloving equations from (6.27): 
47707—0, 
ff og — 0, (6.35) 
eiö(f”)) 4 (6 4. 3626 - e)63) — 0. 

So, vve have the folloving nonexistence theorem. 


Theorem 6.4. There ös no proper bi-f -harmonic Frenet Legendre curve in a three dimen- 


sional 85-para-Sasakian manafold ahere ö — constant z£ 0. 


Case I1-6: If N a three dimensional a-para-Kenmotsu manifold and ö — constant 2£ 0 


then vve have follovring equations from (6.27): 
ff (8? — eia?) — 0, 
Sey” — Pa” — er”) 0, (6.36) 


2 (2: .. -- a? 4-e62) — 0. 


Corollary 6.10. Let v : 1 — N bc a Frenet Legendre curve parametrized by arc lengih in 
three dimensional o.-para-Kenmotsu manaifold N here ö € constant £ 0. Then y is a proper 
bi-f-harmonic curve if the scalar curvature equals to r — —6o:? and the function f is the 


solution of 2(£f))? x ff (ci6? — o?) — f?(2aio? — 6?) — 0. 
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Case II-7: If N a three dimensional paracosymplectic manifold and ö — constant 2£ 0 


then vve have folloving equations from (6.27): 


Aff 6? — 0, 
(6.37) 


erö(f”)  (7($6 F.ei65) — 0. 


Then vee give 


Theorem 6.5. There is no bü-f-harmonic Frenet Legendre curve in a ihree dimensional 
paracosymplectic mamnifold ahere ö — constant z£ 0. 
7. BIMINIMAL FRENET LEGENDRE CURVES 


In this section, the conditions for a, Frenet curve to be biminimal are obtained in N. Be- 
sides, detailed calculations have been made for various manifolds as in the previous sections. 
By using normal components of tension and bitension fields, the condition of being biminimal 


curve is obtained by using the formula given as belovv, H7: 


Fə Sol” c eol” — ACİ” 0. (7.38) 


Let determine the biminimality condition for a, Frenet Legendre curve in /V. First, let give 


the tension and bitension ftelds respectively: 


TÜ) — —cıağ — eiöçT, 


Tə(0) — 366”T 4 (3076 — a? -il a163 — eı6” )eT 4 (286 4 203 — oei67)6. 


Hence by using normal components of tension and bitension fields the biminimality condition 


is obtained as belovv, 


T ” 
əə CöTt (-3076 — a? ı. £167” — eı6 H Aeiö)eT 


(-286 “205 — neı6? F 2eioi)€ 


— Ü. (7.39) 
By using this condition, vve can give the folloving theorems: 


Theorem 7.1. Zet v : 7 — N be a Frenet Legendre curve in a three dimensional normal 


almost paracontact metric manifold N uhere o, 6 € constant. Then y is a biminimal curve 
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df the follovng equations hold: 


3826 - o26 HE Şö -k ey 65 dey” — Aeiö — Ü, 
(7.40) 


—286 -- 205 — ozi6? 4 2eia — 0. 


Theorem 7.2. Eet y : 7 — N be a Frenet Legendre curve in a three dimensional normal 
almost paracontact metric manifold N uhere o, 6 € constant. Then y is a biminimal curve 


vhere the scalar curvature r is güven by, 


” 


— 261-y 4 


unere ö is the solution of the second differential equation of (7.40). 


Novv, vve give the interpretations of "Theorem 
Case I: Assume that ö is not constant. "Then ve shall investigate the folloving subcases. 


Case 1-1: If N is a three dimensional 6-para-Sasakian manifold and ö 2£ consfamt then 


from (7.40), ve obtain folloving equations: 


3826 “56 d-e165 HE ei” — Aeiö — Ü, 
(7.41) 


286 —0. 


Then ve obtain the folloving nonexistence theorem. 


"TTheorem 7.3. There is no biminimal Frenet Legendre curve in a 6-para-Sasakian manifold 


vhere ö z£ constamt. 


Case 1-2: If N is a three dimensional a-para-Kenmotsu manifold and ö 2£ constant then 


from (7.40), vve obtain follovring equations: 


oz6 — 16 — e168 — eş6" H 2ei6 — Ü, 
(7.42) 


205 — oz? m 2eıa — 0. 


So vve give, 


Theorem 7.4. There ös no biminimal Frenet Legendre curve in a three dimensional o:-para- 


Kenmotsu manifold N uhere ö 2£ constant. 
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Proof. From (7.42), vve find that ö — V/2e:a/? -L A but vve accept ö 2£ constant vrhere 
o: — constamt. 
Case 1:3: If N is a three dimensional paracosymplectic manifold and ö 2£ constant then 


from (7.40), ve obtain folloving equation: 
55 “b e163 4-ei6” — 2ei6 —0. 
Hence vve have, 


Corollary 7.1. Zet y : 1 — N be a Frenet Legendre curve in a three dimensional para- 
cosymyplectic manaifold N and ö 2£ constamt. "Then vy is a biminimal curve iff the scalar 


cumuature r 1s güven by, 


rv — pu 00” 22£1. 


Case TI: Assume that ö—constant is not equal to 0. Then ve shall investigate the follovring 
subcases: 
Case TI1-1: If N is a three dimensional 9-para-Sasakian manifold and ö — constant z2£ 0 


then from (7.40), vve obtain folloving equation: 
2.63. 2 
əb Tn — Azı —Ü. 
Hence, ve give the follovring theorem. 


Corollary 7.2. Let y :1 — N be a Frenet Legendre curve in a ihree dimensional 6-para- 
Sasakian manüfold N and ö € constamnt 2£ 0. Then y is a biminimal cume here the constant 


scalar curvature r is güven by, 
r — 2e:6? — 66? F 22eq. 


Case TI1:-2: If N is a three dimensional a-para-Kenmotsu manifold and ö — constant 2£ 0 


then from (7.40), vve obtain vve obtain folloving equations: 


a? 2 £16? AZI — 0, 


2a? —- £16” nu AZI —. 


Then ve obtain the folloving corollary. 


134 Ş. N. BOZDAĞ AND F. E. ERDOĞAN 


Corollary 7.3. Let y : 1 — N be a Frenet Legendre curve in a three dimenstonal o- 
para-Kenmotsu manifold N and ö € constant 2£ 0. Then y is a biminimal curve uhere the 


constant scalar curvature r is güven by, 
T — —6ar”. 


Case 11-3: If N is a three dimensional paracosymplectic manifold and ö — constant 2£ 0 


then from (7.40), vve obtain folloving equation: 
” AL zığ” — Azı —Ü. 
2 

So vve have, 


Corollary 7.4. Zet y : 1 — N be a Frenet Legendre curve in a three dimensional para- 
cosymplectic manaifold N. Then ay is a biminimal curve uhere the constant scalar curvature 


T 1s güven Döy, 


m —06:6” -L 22£ı. 


8. /f-BIMINIMAL FRENET LEGENDRE CURVES 


Finally in this section, vve give f-biminimality conditions for a, Frenet curve in N and also 
particular cases such as: 9-para-Sasakian, a-para-Kenmotsu and paracosymplectic manifolds. 
From the Definition vve knovv that the condition of being f-biminimal curve given as 
belovv, R 


ər Cl“ İO - My Ol” “0. 


Then using the normal components of tension and bitension fields, given by (4.16) and 
(5.21), f-biminimality condition is obtained as belovr, 


” 


əə, COE s İ(ca?6 — 3976 — ei” — eiö 29 2si9)/ 


2e1(ağ “6 )f — eöf ləT 


-— (205 — eın5? — 206 - Xeioi) f — 258 f — erof” 6 


— 0. (8.43) 


Theorem 8.1. Eet v : 7 — N be a Frenet Legendre curve in a three dimenstional normal 


almost paracontact metric manaifold here o, PB — constant. Then y is an f-biminimal curve 


INT. 7. MAPS MATH. (2022) 5(2):112-138 / ON f-BIHARMONIC AND BI-f-HARMONIC CURVES 135 


df the folloung equatdons hold: 
(o26e: -k 38266) q 65 Hö” HE se — 26)f H-.2(aĞ 6) f —öf" —0, 
(8.44) 
(2053 — ea? — 2867 - Xaya) f — 266 f” — eaf” — 0. 


Novv, vre give the interpretations of TTheorem 
Case 1: Assume that 6 is not constant. Then ve shall investigate the folloving subcases: 


Case 1-1: If N is a three dimensional 6-para-Sasakian manifold and ö 2£ consfant then 
from (8.44), vve obtain folloving equations: 
(3026ci 93 6” 4 ə — Aö)f 4-26 f öf" —0, 
(8.45) 
ö(öf) “0. 


Corollary 8.1. ZLet y : 1 — N be a Frenet Legendre curve parametrized by arc lengih 
in three dimensional 68-para-Sasaktan manuifold N uhere ö 2£ constant. Then y is an f- 


biminimal curve iff the funcüton f and the scalar curvature r equals: 


and 
” / 


r — 26:(A — 6? — ü —ı 4 (57 — 2e:6(2(6) 6” — ö675-?). 


Case 1-2: If N is a three dimensional o-para-Kenmotsu manifold and ö 2£ constant then 


from (8.44), ve obtain folloving equations: 


” 


(a76eı p5 6 4 şə 2ö)f 26 fd öf" 0, 


(8.46) 
(205 — eıos6? - Aeio)) f — eiof” —0. 


Corollary 8.2. ZTet y : 1 — N be a Frenet Legendre curve parametrized by arc lengih in 
three dimensional o:-para-Kenmotsu manifold N and ö 2£ constant. Then y is an f-biminimal 


curve iff f is a solution of non-linear differential equations güven in (5.46). 


Case 1:2: If N is a three dimensional paracosymplectic manifold and ö 2£ constant then 


from (8.44), ve obtain folloving equation: 


(e165 —s15” 4 -il - 7” ki cü (8.47) 
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Corollary 8.3. Let y : 1 — N be a Frenet Legendre curve parametrized by arc lengih in 
three dimensional paracosymplectic manifold N and ö 2£ constant. Then y is an f-biminimal 


cumve iff f is a solution of non-linear differential equation given in (5.47). 


Case II: Assume that ö — constamnt is not equal to 0. Then ve shall investigate the 


follovring subcases: 


(a26ei 4 3076ei 4-93 4- -eiö — 26)f -2(oiğ) f s öf” —0, 
? (8.48) 


(205 — eıos9? - 2eioi) f — 266f) — eiof” —0. 
Case İ1-1: If N is a three dimensional 9-para-Sasakian manifold and ö — constant 2£ Ü then 
from (8.44), vve obtain follovring equations: 


(3026cı 65 4 sə — Xö)f .öf" —0, 
(8.49) 


260f) — 0. 


Then ve obtain the folloving nonexistence theorem: 


Theorem 8.2. TPere is no proper f-biminimal Frenet Legendre curve in a three dimensional 


5-para-Sasaktan manafold uhere ö € constant z£ 0. 


Proof. From the second equation of (8.49), the proof is obvious. 
Case TI1:-2: If N is a three dimensional a-para-Kenmotsu manifold and ö € constant z£ 0 


then from (S.44İ), vve obtain folloving equations: 


(o/7zi -- 92 .. — A)f--f” —0, 
(8.50) 


(2076 — 6? —- A)f — f” —0. 


Corollary 8.4. Let y : 1 — N be a Frenet Legendre curve in a three dimensional o- 
para-Kenmotsu manifold N and ö € constant s£ 0. Then y (s an f-biminimal curue auhere 
the constant scalar curuature equals to r — —6o? and the function f is a solution of the 


non-linear differential equations güven in (8.50). 
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CERTAIN RESULTS OF RICCI SOLTTON ON 5-DIMENSIONAL 
LORENTZIAN PARA a-SASAKTIAN MANIFOLDS 


SHASHTKANT PANDEY Ö F, ABHISHEK SINGH Ö ) AND OĞUZHAN BAHADIR Ö, 


ABSTRACT. The paper deals vvith the study of almost Ricci (AR) soliton and gradient al- 
most Ricci (GAR) soliton on 3-dimensional Lorentzian para, o-Sasakian manifolds (a- LPS 
manifolds). Finally, vve also provide an example of AR soliton. 

Keyvvords: Lorentzian Para o-Sasakian manifold, Ricci soliton , Gradient Ricci soliton, 
Almost Ricci soliton, Gradient almost Ricci soliton. 
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1. INTRODUCTION 


As a generalization of an Einstein metric İ6l, Ricci soliton first defined in 1982 by Hamilton 
H91. A pseudo-Riemannian manifold (M, g,) defines a Ricci soliton vrith a, smooth vector 
field V on HM such that 


Eygə — 289 — 2rig, — Ü, İLİ 


vrhere £y is the Lie derivative along the vector field V and S is the Ricci tensor on /M and 
Tı is a, real scalar. Ricci soliton is said to be shrinking zı “€ Ü, steady zı — 0 or expanding 
Tı 5 0, İ8İ. A Ricci soliton is changed into Einstein equation vith V zero or killing vector 
field. 
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The study of almost Ricci soliton vvas presented by Pigola et al, 1231, in this manner they 
gave nevv version of the definition of Ricci soliton by adding nevv condition on the parameter 
Tı to be a variable function, vve say that a Riemannian manifold (M, g,) admits an almost 
Ricci soliton, if there exists a, complete vector field V, called potential vector field and a, 


smooth soliton function zı : M — R satisfying 
1 


vrhere S and /£ represent Ricci tensor and Lie derivative along the direction of soliton vector 
field V. VVe shall novv refer to this equation as the fundamental equation of an almost Ricci 
soliton (İM, g,, V, ri). Ricci soliton vvill be called shrinking, steady or expanding, respectively, 
if zı € 0, zi — Ü or zi 5 0. For remaining it vrill be called indefinite. VVhen the vector field V 
is gradient of a smooth function f : M — R the metric vill be called gradient almost Ricci 


soliton. So, vve obtain 


BaLV ru (1.3) 


vrhere V? f means for the Hessian of f. 

Additionally, if the vector field Xı is trivial, or the potential f is constant, the almost 
Ricci soliton is said to be trivial, othervvise it is said to be non-trivial almost Ricci soliton. 
VVe observe that vrhen z S 3 and Xi is a killing vector field almost Ricci solitons vrill be Ricci 
solitons. So in this situtation vve have an Finstein manifold. The soliton function zı is not 
necessarily constant, certainly comparison vvith soliton theory vvill be modifted. In particular 
the rigidity result contained in "Pheorem 1.3 of inform that almost Ricci solitons should 
reveal a reasonably broad generalization of the important concept of classical soliton. 

"The presence of Ricci almost soliton has been affirmed by Pigola, et al. on some 
specific class of vvarped product manifolds. Some characterization of Ricci almost soliton on 
Riemannian manifolds can be found in İl) 41 5) 17) HS) 1261. Te is important to note that if the 
potential vector field V of the Ricci almost soliton (M, g,, V, ri) is Killing then the soliton 
becomes trivial, provided the dimension of // 5. 2. Additionally, if V is conformal then M 
is isometric to Euclidean sphere S”. "Thus the Ricci almost soliton is a generalization of 
Finstein metric as vvell as Ricci soliton. 

m , authors studied Ricci solitons and gradient Ricci solitons geometric properties on 
3-dimensional normal almost contact metric manifolds. m authors studied compact Ricci 
soliton. m author studied /K-contact and Sasakian manifolds vrhose metric is gradient 


almost Ricci solitons. Conditions of /K-contact and Sasakian manifolds are more stronger 
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than almost normal contact metric manifolds in the sense of the 1-form of almost normal 
contact metric manifolds are not contact form. Ricci soliton as vvell as gradient Ricci soliton 
have been studied by many authors such as Hd. 

Sharma, obtained results on Ricci almost solitons in K-contact geometry, also in 
author studied Ricci almost solitons and gradient Ricci almost solitons in (k, /,)-contact 
geometry and Maihi on 3-dimensional f-Kenmotsu manifolds also De and Mandal 
studied for structure (k, ,)-Paracontact geometry. Motivated by above studies in this paper, 
vve are interested to study almost Ricci solitons and gradient Ricci almost solitons vvith 
Lorentzian para a-Sasakian manifolds. 

VVe are studying the folloving sections: Section 2 contains important definitions and some 
preliminary results of Lorentzian para a-Sasakian (a- LPS) manifolds needed for the study. 
ln section 3, vve deal second order parallel symmetric tensors o- LPS manifolds. İn section 
4, vve obtain result for almost Ricci (AR) soliton in 3-dimensional a-LPS manifolds. Im the 
Section 5, vve deduce theorem for such manifolds vrith gradient almost Ricci (GAR) solitons. 


Finally, vve give an example of 3-dimensional (a- LPS)manifolds vvith almost Ricci soliton. 


2. a- LPS MANIFOLDS 


A differentiable manifold M of (2n “- 1) dimensional is said to be an a- LPS manifolds, 
if it cosist a, tensor field /7 of type (1, 1), a characteristic vector field Çı, a 1-form y, and g, 
as Lorentzian metric satisfy (see 21): 


g?xi — Xi n(Xi)ı, (2.4) 

n-(G) z -1, m,(Xi)  g.(Xı, (qi), (2.5) 

vü -Ü, mö —Ü, (2.6) 

g.(UXı, Yi) € g.(Xıi,Yı) dE n.(Xi)m (71). (2.7) 


Definition 2.1. A differentiable manifold M th an almost contact Lorentzian metric struc- 


ture (2, Cı, n,, g)) is said to be an a--LS manifold if 
(Vx.4)Yı —- og. (Xı,Yı)dı "F n.,(Yı)Xı), (2.8) 


vhere o: is a constant function on M. 
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An almost contact metric structure is called a LPS manifold (or simply Lorentzian para- 


Sasakian manifold) if, (for details see 90) 
(Vx:7)Yı € g,(Xi,Yı)ğı d 4002)Xi FE. 2p/(Xi)n/(Y)ÇI, (2.9) 


vrhere V is the Levi-Civita, connection vvith respect to g,. Using above equation, one can 
obtain 


Vxiq — ed Xı, (V xın.)Yı .. g-(X2,/Y)). (2.10) 


Definition 2.2. A differenttable manifold M uth an almost contact Lorentzian metric struc- 


ture (2, Çı, n,, g)) is called an a-LPS manifold if 


(Vx:4)Yı — alg.(Xı, Yı)dı “ə n,(Yı)Xı “İ- 2n,(Xı)m. (Yı)6ı), (2.11) 


here o: is a smooth function on M. 


Remark- Note that if o — 1, then LPS manifold is the special case of a-LPS manifold. 
For an o-LPS manifold folloving relations are holds Bİ: 


Vxiğ — oq Xi, (2:12) 
(Vx:n.)Yı — ag, (7 Xı, Yı), (2.13) 
R(Xı,Yı)ğı — o?(m (Y))Xı — m(Xu)ı) (2.14) 


-F1(Xo:)/Y1 — (Yıa)/Xı), 


R(G, Yıl € a”iYı 4“. n,(Y1)Cı) (2.15) 
“-((o:)/Y1, 

Ba aa — 0, (2.16) 

R(d,Yı)Xı —  o?(g,(Xi, Yı)ğı — n.(Xi)Yı) (2.17) 


—(Xıa)Yı E g.(X), Yı)(gradoı), 
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S(Yı, $) € 2no7m, (Yı) — (You — (7Y1)o), 


(2.18) 


for any vector field Y) on M, ur, € g, (7 (cə), e)) and S defines the Ricci curvature on M. 


S(çi, çi) s —2no2 — (Çia)ı, 


and 


n (R(Xı,Yı)Zı) — a?(9,(Yı, Zı)m, (Xa) — g.(Xi, Zi), (Yı)) 


—((Xıa)g.(7Y1, Zi) — (Yia)g.(Xi2, Zi)). 


ln a 3-dimensional Riemannian manifold, vve alvvays have 


R(Xı,Yı)Zı € 9,(Yı, Ziı)QXı — g.2(Xi, Zi)QYı 
“-S(Yı, Zi))Xi — S(Xi, Zü)Yi 


T 


ln a 3-dimensional o-LPS manifold, vve have 


.. 
R(Xı,Yı)Zı — b — a?1lg,(Yı, Zı)Xı — g, (Xi, Zi)Yıl 


Tİz — 3a?1İg, (11, Zi)n, (oC 


—g.(Xı, Zı)n,.(Yı)Ğı £ m,,(Y1)n,(Zi)Xi 


-m, (Xı)n.(Zı)Yıl, 
and 
S(Xı, Zi) - İz - a?lg (Xi, Zi) 


“İş — 8a2l (Xi), (71). 


Putting Zı — Çı in (2.17), vve have 


(2.19) 


(2.20) 


(2.21) 


(2.22) 


(2.23) 
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R(Xı,Yı)ğı € m,(Yı)QXı — n.(Xı)ƏYiı (2.24) 


“-S(Y), (ı)Xı — S(X)ı, 4i)Yı 
ı 


lm 3)X: — n,(Xı)Yıl, 


and 


S(Xı, 6) — 2o7n,(X1)). (225) 
vrhere Q is the Ricci operator define by S(Xı, Y1) — g,(QX), Y1). 
Definition 2.3. An a-L.PS manüfold M is called an Fünstein hke if its Ricci tensor S satisfies 
S(Xı,Yı) € ag,(Xıi,Yı) d ög,(UXı,Yı) (2.26) 
“er, (Xı)n. (Yı), 


Xı,Yı € (M) for some real constants a,b and c. 


3. SECOND ORDER PARALLEL SYMMETRIC TENSORS IN AN q-LPS MANIFOLD 


Fix ) a symmetric tensor fteld of (0, 2)-type vrhich vve suppose to be parallel vyith respect 
to V that is VR — 0. Appiying the Ricci identity 


V?h(XQ, Yı: Zi, VV)) — V”h(Xı, Yı:VVi, Zi) — 0, (327) 


vve obtain the relation 


h(R(X)I, Yı)Zı, VVL) un h(Zı, R(X:, Yı)VVı) —. (3.28) 


Replacing Zı — VVı £— Çı in (3.2) and by using (2.11) and by the symmetry of Ph, vve have 


a?ln, (Yı)h(Xı, $) — n,.(Xi)R(Yı, €) (3.29) 
-T(Xıa)h(Yı, Çı) — (Y1a)h(X), Çı) — 0. 


Putting Xı — Çı in (3.3) and by virtue of (2.2) and (2.3), vve obtain 


a?m,(YpR(q, q) £ R(Yı, €) k (Gio)a(7Yı, qi) — 0. (3.30) 


Replacing Y? — /Y) in (3.4), vve have 
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((ie)lm (Y3)h(çi, a) F.R(YA, (i)l FE a”a(7Y), q) — 0. 


Solving (3.4) and (3.5), vve have 


(ai — (Ga)”)n/(Yi)a(6, 6) z b(Yı, çi)l — 0. 


Since a? — (6ıo))? 2£ 0, it results 


h(YL, 6i) — -m(Yi)h(er, €), 


from (3.7), vve obtain 


h(Yı, (ı) F g.(Y3, i)h(dı, (a) — 0. 


Putting Yı — Vx.Yı in (3.7), ve have 


R(V xiYı, Çi) “ g.(Vx:Yı, Çi)b(ç, q) — 0. 


Covariantly differentiating (3.7) vvith respect to X7, vve obtain 


(Vx:h)(Yı, €) k R(VxıYı, Çı) £ R(Yı, Vxidi) 
- -lg,(Vxı:Yı, dı) “ g.(Yı, VxiCi)lR(c, da) 
—n, (Yı)1(Vx,b)(d, ci) E 25(Vxid,di)l 


-2U 


(3.31) 


(3.32) 


(3.33) 


(3.34) 


(3.35) 


(3.36) 


Applying the parallel condition Vh — 0, q, (Vx,dı) — 0 and using (2.9) and (3.6) in (3:9), 


vve infer 


alb(Yı, /Xı) k g.(Yx, /Xi)a(ci, cl 0. 


Replacing Xı — /Xı in (3.11) and on simplification, vve get 


olh(Xı, Yı) sp g.(Xı, Yı)b(dı, Çı)) — Ü, 


since o: is non-zero smooth function in an a-LPS manifold and this implies that 


h(Xı,Yı) — —g,(Xı, Yı)b(Ğ, €), 


(3.37) 


(3.38) 


(3.39) 
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vvhich is together vvith the standard fact that the parallelism of Ph implies that h(Ç, Çı) is a 


constant, via, (3.6). Novr using the above conditions, vve can vrite the follovring: 


"TTheorem 3.1. A second order covariant sıymmetric parallel tensor in an oı-LPS manifold is 


a constamt multiple of the metric tensor. 


4. AR SOLTTONS ON 3-DIMENSIONAL a-LPS MANIFOLDS 


This section deal vvith the characterization of AR solitons on 3-dimensional o-LPS man- 
ifolds. Consider the potential vector field V be pointvvise collinear, V — $ç, vrhere b is a 


function on M. Then from (1.1) vve have 


g.(V xıb, Yı) “ g.(Vyıbçı, Xi) . 2S(Xi,Yı) — 2rig, (Xi, Yı). (4.40) 


By virtue of (2.9) and (4.1), vve have 


200:g,(U Xi, Yı)  (Xib)m, (YA) (4.41) 
“-(Y15)n, (Xı) — 25(Xı,Yı) 


— 2rı9,(Xı, Yı). 
Substituting Yı — Çı in (4.2) and using (2.21), vve get 
—(Xıb) 4 ((ib)n, (Xi) F 4a7n, (Xi) — 2rin, (Xi). (4.42) 


Taking Xı — Çı in (4.3), vvee infer 


dıb — ri — 202. (4.43) 
Substituting the value of Çıb in (4.3), vve have 
db — (207 — rı)m. (4.44) 


Operating d on (4.5) and using 4? — 0, vve obtain 


0 — d?b — (2o? — rı)dm.. (4.45) 


It follovvs from the above equation 


Tı — 20”, 
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vrhich implies db — 0, i.e., b — constant, by virtue of dö — (2a? — rı ),. Thus, using constaney 


of b in (4.2), vee infer 


S(Xı,Yı) € vıg,(Xı,Y1) — obg,(U Xi, Yı) (4.46) 
—2(2o2 — rı)n, (Xı)n.(Yı), 


vvhich is of the form S(X1, Y)) — ag, (Xı, Yı) “c 5g. (7 Xı, Yı) Fey, (Xı)n,(Y)). Hence, vee can 


state the follovring result: 


Theorem 4.1. A 3-dimensional o--LPS manifold (M, Q, n,, g,) vüth constant o: admitting 
an AR soliton xuith pointufise collinear vectorv field V uüth the structure vector fteld Çı, is an 


Einstein like manifold provided vi — 202 5 Ü ie, erpanding. 


Novr let V — Çı. Then (4.1) reduces to 


(£çig.)(Xi,Yı) — 2S(Xi, Yi) € 2rig. Yi, Yı). (4.47) 


Novr, by using (2.9) vve have 


(£ag.)(Xr,Yı) € g,(Vx:6 Yi) F g.(Vyidi, Xi) 


2o:g.(7Xı,Y1ı). (4.48) 


Using (2.19), vve get 


(6:9.(Xa.Yi) -. —l(2 — o?) .0n, Yi) (449) 
“(2 - 30?) ,(Xi)n.01)) 


-F27ig.(Xı, Y1). 


m vievr of (4.9) and (4.10), vve obtain 


ag, (7Xı,Yı) — -I(5 - o”) s,(Xa,Yi) (4.50) 
“(6 - 887) m(Xi)n,(14)) 


--rıg.(.Xı, Yı). 
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Taking Xı — Y) — Çı in (4.11), vve obtain 


Tı — 207. (4.51) 


Since o: is constant. This implies zı — 2o7 —constant. Hence, vve can establish the folloving 


result. 


Theorem 4.2. A 3-dimensional o--LPS manifold (M, Çı, n,, g.) admits AR soliton then it 


reduces to a, Ricci soliton for o “constant. 


5. GRADIENT ALMOST Rıccı (GAR,) SOLTTONS 


In this part, vve study 3-dimensional a-LPS manifolds admitting GAR, soliton. For a GAR 


soliton, vve have 


Vy,Df — niYı — QYI, (5:52) 


vrhere 2 symbolize the gradient operator of g,. 


Novr taking covariant differentiation of (5.1) along arbitrary vector field X), vve have 


Vx:Vy,Df — dri(Xı)Yı —- TIVxiYı — (V x,Q)Y.. (5.53) 


In above equation d is exterior derivative, using this similarly vve obtain 


Vy.Vx,Df — dr (Yı)Xı TıVy,Xı — (Vy, Q)Xı, (5.54) 


and 


VixyiDif — nilXirYil — QİXiYil. (5.55) 


m vievr of (5.2), (5.3) and (5.4), vve get 


R(Xı,Yı)Df — Vx.Vy,Df -Vy,Vx,Df -VixiyuDf (5.56) 
— (Vy,Q)Xı — (Vx,Q)Yı — (Yırı)Xı 4“ (Xızı)Yı. 


From (2.19), vve have 


de 5 — aZlXı -- 5 — 3o2ln, (X))0. (5.57) 
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Taking covariant differentiation of (5.6) along arbitrary vector field Xı and using (2.9), vve 


have 


(Ya.O)yi - (227) yi s niiyel 
. (5 - z. lg, (7.Xx, Yi) — m(YD)/Xİl. (5.58) 
Similarly, vve have 
(Vy,Q)Xı ə LXi c p,(Xı)ql 
a (2 - ga?) İəetTYı, Xu) “OYA, (5.59) 


Using (5.7) and (5.8) in (5.5), vve have 


R(Xı,Yı)D£ — ə LXı “m, (a)al o: (2 A 8a2) n,(XQ)/Yı 
- (55) İYı np, YA )dil — o (2 - 8a?) n.(Yı)/Xı 
—(Y1z7ı)Xı — (Xırı)Yı. (5.60) 


Taking an inner product vvith Çı in above equation, then vve obtain 


g.(B(Xı,Yı)DT,6ı) — —(Yıri)m,, (Xi) F (Xiri)m, (Y1). (5.61) 


Taking Yı — Çı, then ve infer 


g.(B(Xı, Ç)Df, ci) € -(diri)n, (Xi) — (Xiri). (5.62) 


Also from (2.18), it follovvs that 


g (R(Xı, a)Df, a) — o”İ(çi f)n. (Xi) — (Xif)l. (5.63) 


Using (5.9) in (5.10), vve get 


a?((6ı7)n, (Xi) — (Xif)l -((izi)n, (20) — (Xiri). (5.64) 


Assuming that f is constant. Then it follovs from (5.11) that 
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drı ((ı7))n, — 0. (5.65) 


Applying d both sides of (5.14), vve obtain 


Cır) 0. (5.66) 


By virtue of (5.14) and (5.15), ve get 


drı — 0. (5.67) 


Tühis implies zı is constant. Hence, vve can establish the folloving result: 


Theorem 5.1. A 3-dimensional a-LPS manifold (M, Çı, n,, g,) admits a GAR soliton then 


üt reduces to a Ricci soliton provided f (s constant. 


6. EXAMPLE 


VVe consider the 3-dimensional manifold M — ((z, y,f) € R? :t 2 0), vhere (zr, y, () are 


the standard coordinates in 25. VVe choose the vector ftelds 


o - ö o - ö 
5. — t — — — b 
€ əy” ə “7 and Eş er 


vrhich are linearly independent at each point of /M. Let g, be the Lorentzian metric defined 


by 


Fi — 


g.(Eı, Es) — g.(Ex, Es) — g, (Es, Ei) — 0, 


9.(Eı,En) -” 9. (Eş, Eə) — İ, g. (Es, Es) — —1. 


Let vn, be the 1- form defined by m,(Zı) — g,(Zı, Es) for any vector field Zı on M. VVe 
define the (1, 1) tensor field 7 as /(Eı) — —Er, (Eş) — —Eə and 2(E3) — 0. Then using 


the linearity of / and g,, vve have 


m.(ö3) — — g?Zi — Zı-k n.(Zı)Es, 


9.(/ Zi, /VV)) — g.(Zi, VVi) k n.(Zi)n. (VVı), 
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for any vector fields Z), VV) on M. Thus for EŞ — Çi, the structure (7, €, nə g,) defines an 
almost contact metric structure on /M. 
Let V be the Levi-Civita connection vrith respect to the Lorentzian metric g,. Then, vve 


have 


LE:, Ex) — 0, LE,, Es) — —el E) and LE, Eş) — —et Ey. 


Koszul”s formula is defined by 


29.(VxıYı,Ziı) — Xıig,(Yı, Zi) FE Yig, (Zi, Xi) — Zig,(Xi,Yı) 


—g.(Xı, İY, Zil) — 9. (Yi, EXi, Zil) k g2(Zi, (Xi, Yıb. 


Using Koszul”s formula, vve can easily calculate 


From the above, it follovvs that the manifold satisftes 


(V x: 4)Yi — a(g,(Xi, Yı)ğı c n.)Xi 4 2n/(Xi)n, (YUĞH 


for Eş — Q. and a — et, (U, (a, nə, g,) is a 3-dimensional o-LPS structure on M. Conse- 
quently M?(U, Q, n,, g,) is a 3-dimensional o-LPS manifold. Also, the Riemannian curvature 


tensor /g is given by 


R(Xı,Yı)Zı — Vx,Vy,Zi — VyiıVxxiZi — VixiyilZ1. 
VVith the help of above results, vve obtain 
R(Bı, Eə)Bi — ey Eş, R(Ei, Eə)Es — 0, R(Eı, Eə)Eı — -eZ ki, 
R(E,, Es)Bı — -ey Es, R(Eı, Bə)Eə — 0, R(Ek, Es) Es — —cy” Bi. 


R(Eə, Es)Eı — 0, R(Eə, Es)Eə — —ce?” Es, R(Eş, Es)Eş — —c/" Eş. 
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Then, the Ricci tensor 5 is given by 
S(Ex, Bi) — 0, (Ey, E)) — 0 and S(Es, Eş) — —2e,. 


from equation (1.2) and above caleulation, vve find zı — 2e/ (1 — ef). 


"TThus 3-dimensional a-LPS manifold admitting an AR soliton. 
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ABSTRACT. VVe study bivvarped product submanifolds vvith a slant base factor in locally 
product Riemannian manifolds. VVe prove an existence theorem for such submanifolds. 
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1. İNTRODUCTION 


Let (M), gi) be Riemannian manifolds for ? € 10, 1,2) and let frə : Mo — (0, co) be 
smooth functions. "Then the $övarped product or tuüce vrarped product manifold 
Mo xr, M) xp, M? is the product manifold M — Mo x Mı x Mə endovred vrith the metric 


g — qö(go) Ə (fi o m)”r7(gi) Ə (fi o no)”r3 (gə). 
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More precisely, for any vector fields X and Y of M, vve have 


2 


9(X.Y) € götə, X, m.Y) s) (fo m)?gi(mi, X, m.Y), 
ol 


vrhere r, : M — Mi, is the canonical proyection of M onto Mi, r? (gi) is the pullback of gi 
by vz, and the subseript zr), denotes the derivative map of vr, for each 2. "The functions fı 
and fə are called orarping functions and each manifold (M), g)), 2 € 11,2) is called a fiber 
of the bivvarped product /M. The factor (Mp, go) is called a, base manifold of M. As vrell 
knovrmn, the base manifold of HM is totally geodesic and the fibers of M are totally umbilic in 
M. VVe say that a bivvarped product manifold is triotal, if the vvarping functions fı and fə 
are constants. Of course, bivvarped product manifolds are natural generalizations of vvarped 


product manifolds İTİ and special case of multiply vvarped product manifolds F4l. 


Let Mo xy, Mi) xy, M? be a bivvarped product manifold vvith the Levi-Civita connection 
V and V” denote the Levi-Civita connection of M) for i € 10, 1,2). By usual convenience, 
vve denote the set of lifts of vector fields on M? by Z(M?) and use the same notation for a 
vector field and for its lifts. On the other hand, since the map vg is an isometry and vı and 
Tə are (positive) homotheties, they preserve the Levi-Civita, connections. Thus there is no 
confusion using the same notation for a connection on /M? and for its pullback via zi). Then, 


the covariant derivative formulas 123) for a bivvarped product manifold are given by 


VuV —V)V (1.1) 

VyX —VxV —.777:: (12) 

VxZ— İ 5- (1.3) 
VAZ — g(X, Z)VÜi f)) if i — ), 


vrhere U, V € £(Mo), X € £(M)) and Z € £(M)). 


The theory of vvarped product submanifolds has been become a. popular research area, 
since Chen İSİ studied the vvarped product CR-submanifolds in Kaehler manifolds. Actually, 
several classes of vvarped product submanifolds appeared in the last eighteen years. Also, 
vvrarped product submanifolds have been studied for different kinds of structures. Most of 
the studies related to the theory of vvarped product submanifolds can be found in Chen”s 
book Höl. Recently, Taştan studied bivvarped product submanifolds of a, Kaehler manifold 
(M, /, g) of the form MT XT Mt x, ME, vrhere MT is a holomorphic, MT is a totally real 
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and M is a pointvrise slant submanifold of 14 Döl. Aftervrards, bivvarped product submani- 
folds have been studying by many geometers for different kinds of structures (see, E2)1211122)). 


ln this paper, vve study bivvarped product submanifolds vvith a slant base factor in locally 
product Riemannian manifolds. More precisely, vve consider biyvarped product submanifolds 
of the form M?” Xf MT xə MÜ, vihere Mf is a slant, MT is an anti-invariant and MT is an 
invariant submanifold of the locally product Riemannian manifold. After giving a non-trivial 
example and some auxiliary results, vve prove an existence theorem for such submanifolds. 
Then, vve investigate the behavtor of the second fundamental form of such a submanifold and 
as a result, vve get a, condition for this kind of submanifold to be a vvarped product. Finally, 
vve obtain an inequality for the squared norm of the second fundamental form in terms of 
the vvarping functions for such submanifolds. "The equality case is also considered. Moreover, 
vve give an application of this inequality for certain types of locally product Riemannian 


manifolds. 


Remark 1.1. Bivearped product submanifolds of the form MÜ x?MT Xə Mt in locallı) product 
Riemanmnian manifolds uere also studied in 122). Houvever, erpect the first four equations of 
Lemma )5.1) our results are completely different from the results of 221. Besides, bivarped 
product submanifolds of the form Mİ XT MT x, MÜ in locallı product Riemannian manifolds 
vere studied in İl, uhere MÜ is a proper poüntuise slant submanifold of the locallı) product 
Riemannian manifold. But, the geometry of M” Xf MT x, Mİ and the geometry of Mİ Xf 


MT x, M are qute different. 


2. PRELIMINARIES 


VVe first recall the fundamental definitions and notions needed for further study. İn fact, 
vve vvill give the notions for submanifolds of Riemannian manifolds in subsection 2.1. In 


subsection 2.2, vve recall the definition of a, locally product Riemannian manifold. 


2.1. Riemannian submanifolds. Let // be a Riemannian manifold isometrically immersed 
in a Riemannian manifold (M, g) and V be the Levi-Civita connection of /M vvith respect to 
the metric g. Also, let V and VT be the Levi-Civita connection and normal connection of 


M, respectively. Then the Gauss and VVeingarten formulas are given respectively by 


VvVV — VVVV -- h(V,VV) and VvZ —-—AzV HEVİZ. (2.4) 
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Here V, Vİ/ are the tangent vector fields to 4 and Z is normal to M. mn addition, h is the 
second fundamental form and Az is the VVeingarten operator of /1M associated vvith Z. Then, 


vve have 
gÜb(V, V/), Z) — g(AzV,VV). (2.5) 


For a submanifold M of a Riemannian manifold M, the equation of Gauss is given by 


PR(U,V, Z,VV) — R(U,V, Z,VV) F g(O(U, Z), h(V, VV)) — g(R(U, VV), R(V, Z)) (2.6) 


for any U, V, Z, VV € T(TM), vrhere İt and E. are the curvature tensors on /M and MM respec- 
tively. The mean curvature vector H for an orthonormal frame fez,..., em) of tangent space 


TEM, p € M on M is defined by 


1 
Hz —elb) — — 9. üh(ei, ei), (2.7) 
. . 
vvhere r — döm.M. Also, vve set 
hiy — g(h(ei, e)), er) and 1: 1”— 3) gh(ei, ei), h(ei,e))). (2.8) 
bel 


Moreover, the sectional curvature (241 of a plane section spanned by e: and e,, denoted by 
Ki, İs 


Ki / m R(e:, e), ei, ei). (2.9) 


The scalar curvature İ9) of M of is given by 
T(1M)— 2). Eu (2.10) 
1XizZixm 


Let G, be a r-plane section on 7".M and fez,..., er) any orthonormal basis of G,. Then the 


scalar curvature 7(G/,) of G/ is given by 
45.12 (2.11) 
1x92 xr 


For a smooth function f on HM, the Laplacian of f is defined by 


mn, 


Af: 2.((Vaei)f — ei(ei(f)))- - 2 /9(VeV1,ei), (2.12) 


ol ?—1 


v”here V f is the gradient of f (91. 
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2.2. Locally product Riemannian manifolds. Let // be a Riemannian manifold. Sup- 


pose //M is endovved vrith a tensor field 
xy-ı (Fev, (2.13) 


of type (1,1). Here, 7 is the identity endomorphism on 7/M. Then, (UM, g,.Z) called an 
almost product manifold and ZY is called an almost product structure. Also, vve assume that 
g and Z satisfy 

0. (2.14) 
for all vector fields X, Y tangent to M. Then, it is knovn that (UM, g,F) is an almost product 


Riemannian manifold. Let V be the Levi-Civita connection of (UM, g, 7). If vve have 
VF zü, (2:15) 


then UM, g,F) is a focallıy product Rüemannian manifold, (briefly, Lp.R. manifold). 


Let (M:(cı) (resp. /Mə(cə)) be a real space form and have sectional curvature cı (resp. cə). 


Then, the Riemannian curvature tensor £ of ..p.R. manifold M — M) x M? has the form 


1 
HİU,V3Z — risi -- c2)4 g(V, Z)U — g9(U, Z)V “ 9(7V, Z)FU — 9(7U, Z)FV 


1 
- ril — cə)4 g(V, Z)FU — g(U, Z)FV 4 9(FV, Z)U — 9(FU,Z)V $, 


for all U, V,Z € T(TM) E4I. 


(2.16) 


3. SKEVV SEMI-INVARIANT SUBMANIFOLDS OF ORDER. 1 IN LOCALLY PRODUCT 


RTEMANNIAN MANIFOLDS 


VVe first recall the definition of the skevr semi-invariant submanifolds of order 1 of a locally 


product Riemannian manifold and get some useful results for the further study. 


Let (M, g,.7) be a l.p.R. manifold and let M be a submanifold of M. If for X € D,, the 
angle 6 betvveen ./F.X and Di is constant, 1.e., it is independent of p € M and X € D,, then 
D is called a sl/ant distribution on M. 6 is said the sl/ant angle of the slant distribution D?. 
Thus, the invariant and anti-invariant distributions vvith respect to .F are slant distributions 
vvith slant angle 6 — 0 and 0 £ z/2, respectively. If the tangent bundle T.M of M is slant 
then the submanifold M of M is called a slant submanifold. A slant submanifold 


that is neither invariant nor anti-invariant is called a proper slant submanifold. 
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Let MM be a slant submanifold vvith slant angle 6 of a locally product Riemannian manifold 


(M, g, F), for any V € T(TM), ve vrite 


FV — PV NV. (3.17) 


Here PV is the tangential part of .FV and NV is the normal part of .FV. Then, for any 
U,V €T(TM) ve have 


P?V — cos?6V, (3.18) 


g(PU,PV) — cos”609(U,V) and g(NU,NV) — sin”69(U,V). (3.19) 


A submanifold M of a locally product Riemannian manifold (UM, g,.F) is said a skeu  semi- 
invariant submanifold of order 1 (briefly, s.s-i.) if the tangent bundle 7.M of M has the 


form 


TM €—D, e Dr € Də, 


vrhere D?ə is slant distribution vith slant angle 6, Əz is an invariant distribution, 1.e., .F?Ozr C 
Dr, D, is an anti-invariant distribution, i.e. .FD, C TM. m that case, the normal bundle 


TEM of M can be decomposed as 


TEM — N(D)) oF(D),) o Öz, (3.20) 


vrhere Öz is the orthogonal complementary distribution of N(Də) 6 .7(D.) in TEM and it 


is an invariant subbundle of 7”FM vvith respect to .F. 


Remark 3.1. The class of s.s-i. submanifolds of order 1 of locallıy product Riemanmian 
mamüifolds is a special subclass of skev semi-invariant submanifolds and a natural gen- 
eralization of invariant, anti-invariant Ül, semi-invariant (6), slant Bİ, semi-slant amd 


hemi-slant submanifolds of locallıy product Rüecmannian manuüfolds. 
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Lemma 3.1. Let M be a proper s.s-i. submanifold of order 1 of a Lp.R. manifold 
(M, g, 7). Then, 


g(VzVV,U) — — oseğol g(AypuZ. U)  g(Axy/Z, yü), (3.21) 
((Vz/Y,X) “ se5019(AsxZ,PV/) “ afAxıniZ,X)), (3.22) 
9(VUV,2) c es59İəfAypz0,V) “-(Avzü,7V)), (3.23) 
g(VuV,X) — g(ArxU,FV), (3.24) 
o(YxYiZ) — - səsə g(AzyX,P2) 4 g(AxəzXiY)l, (3.25) 
dt V1-—L (3.26) 
g(VxZ,V) —— eselol q(AyrzX, V) F 9g(AxzX, rv). (3.27) 
dv Vl r) (3.28) 
diVr3.2 —— sesipİ ((AzxU, PZ)- g(Ayrzu,X)) (3.29) 


for Z,VV € T(Də), U,V € T(Dr) and X,Y €I(D)). 


"TTheorem 3.1. Zet M be a proper s.s-ü. submanifold of order 1 of a locally product Rüemann- 
tan manifold (M, g,.F). Then the slant distribution Də is totallıy geodesic iff the follouring 
equations hold 
g(AnpvvZ,V) — -g(AnyvZ,7V), (3.30) 
9(ArxZ,PVV) — -g(AnpvvZ,X), (3.31) 


for Z,VV € T(Də), V € T(Dz) and X € T(D)). 


Proof. The distribution Də is totally geodesic iff g(V z VI, X) — 0 and g(VzVV, V) — 0 for 
all Z, V/ € T(Də), X € T(Dı) and V € T(Dz). Thus, the assertions (3.30) and (3.31) follov 


from (3.21) and (3.22), respectively. 


TTheorem 3.2. Let M be a proper s.s-i. submanifold of order 1 of a locally product Rüemann- 

an manifold (M,g,.F). Then the imariant distribution Dr is integrable iff the follouing 
equations hold 

g(AzxU,7V) — g(AzxV,FU), (3.32) 

g9(AxPzU,V) “ g(AxzÜ,FV)  g(AnpzV,U) H g(AxzV,Z7U), (3.33) 


for U,V € T(Dz), X € T(D,) and Z € T(DŞ). 
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Proof. The distribution Dz is integrable iff g(İU, Vİ, X) — 0 and g(İU, Vİ, Z) — 0 for all 
Z € T(Də), X € T(D,) and U,V € T(Dz). Thus, the assertions (3.32) and (3.33) follov 


from (3.23) and (3.24), respectively. 


"TTheorem 3.3. Left M be a proper s.s-i. submanifold of order 1 of a local product Rüe- 
mannian manifold (M, g,.F). Then the anti-invariant distribution D) is integrable iff the 
follouing equatdons hold 


g(ArxY,FV) — g(AryX,FV), (3.34) 


for X,Y € T(D)), V e T(Dr) and Z € T(Də). 


Proof. The distribution D) is integrable iff g(İX, Y1, Z) — 0 and g(İX, YI, V) — 0 for all 
Z € T(Də), X,Y € T(D)ı) and V € T(Dz). Thus, the assertions (3.34) and (3.35) follov 


from (3.25) and (3.26), respectively. 


4. BIVVARPED PRODUCT SUBMANIFOLDS IN LOCALLY PRODUCT RIEMANNIAN MANIFOLDS 


VVe first check that the existence of bivvarped product submanifolds of the form, /M7 x f 
Mİ x,MÜ, Mİ XT MÜ x,2.MT and Mə? XT MT x, MÜ, vhere MT is an anti-invariant, MÜ 


ia. a, proper slant and M7 is an invariant submanifold of a 1.p.R. manifold UM, g,.7). 


M. Atçeken and B. Şahin independently proved that there do not exist (non-trivial) 
vvrarped product semi-invariant submanifolds of the form MT x £.M Tin a lp.R. manifold 
(M, g,.F), such that MT is an invariant submanifold and MT is an anti-invariant submani- 
fold of UM, g,.7) in Hi Theorem 3.11 and Höl Theorem 3.1İ, respectively. Again, M. Atçeken 
and B. Şahin independently proved that there do not exist (non-trivial) vvarped product 
semi-slant submanifolds of the form MT x yçM 9 in a l.p.R. manifold HM, such that MT is an 
invariant submanifold and Mf is a proper slant submanifold of /H in El Theorem 3.31 and 


Theorem 3.1İ, respectively. Thus, vve obtain the folloving result. 


Corollary 4.1. There do not ezist (non-trial) bivarped product submanifolds of the form 
MT X? Mİ x, M of a Lp.R. manifold (M), g,F) such that MT is an invariant, MT is an 


anti-invariant and M is a proper slant submanifold of M. 


On the other hand, it vvas proved that there do not exist (non-trivial) vvarped product 


submanifolds of the form MT x z.M€ in al.p.R. manifold // such that MT is an anti-invariant 
f 
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submanifold and /M” is a proper slant submanifold of // in $) Theorem 3.41. Thus, vve deduce 


the follovring result. 


Corollary 4.2. There do not evist (non-trival) bivarped product submanifolds of the form 
Mt x? MÜ x,.MT of a Lp.R. manifold (M, g, F) such that Mt is an anti-imvariant, MÜ is 


a proper slant submanifold and MT is an invariant submanifold of M. 


Novr, vve consider (non-trivial) bivvarped product submanifolds in the form M” x? MT x, 
Mİ in alp.R. manifold UM, g,.F) such that MT is an invariant, M? is an anti-invariant and 


Mf is a proper slant submanifold of M. Firstly, vve present an example of such a submanifold. 


Example 4.1. Consider the 8-dimensional Euclidean space RS uyth standard metric g and 


almost product structure FF güven by 


FÖ -ö, VTöş—ö, YÖ — —ö, Föı — öl, 


Fü, 25 Zö, — öş, Zök öy, 


uhere Öç — .. k € (1,...,8) and (xq, rə,...,xa) are natural coordinates of R5. Upon a 
straightforueard calculation, ue see that (R5, F,g) is a İ.p.R. manifold. Let M be a submani- 
fold of (R5,.F, g) güven by 


: U fi) 
rı —isinadu xo — İcosu a — — COSU rı — — sinə 
, , a ,? 


və v2 


zs — 2tsin z, zs — Ü, zş — 2t cos z, aş 0, 


here u,u € (0, 2) and t x 0. Then, the local frame of TM is güven by 


1 1 
Z — sin uö) T cos uöə -- —— cos vöə -- — sin vö, -t 2sin zöb HF 2 cos zö?y, 


vi2 v2 


U —t cos uö, — tsin uöə, 


t U 
V — — — sin vöş -EF —— cos 2Ö,, 


vi2 vi2 


X —2t cos zöb — 2t sin zÖy. 


After some calculation, uee see that Də — span4Z) is a proper slant distribution uüth slant 
angle 0 — cos” (4k) and Dy — span(U,V) is an invariant distribution and Dı — span(X) 


is an anti-invariant distribution. Moreover, Də is totallıı geodesic and both Dr and Dı are 
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integrable distributions. If ue denote the integral manifolds of Də, Dr and D) by MÜ, MT 
and MÜ, respectively, then the induced metric tensor of M is 

ll... ro alan 2.7..2 
ds mixu -- t?(du ubu: )4”dr 
— gü “ f”gur — (2t)”guu. 
Thus, M — M” XT MT x, Mİ isa (non-trüvial) binarped product proper s.s-i. submanifold 


of order 1 of (R5,.F, g) unth urarping functions f — t and o — 2t. 


5. BIVVARPED PRODUCT PROPER SKEVV SEMI-INVARIANT SUBMANIFOLDS 


OF ORDER 1 OF THE FORM Mf x, MT x. Mİ 


First, vve give a characterization for bivvarped product proper s.s-i. submanifolds of order 1 
of the form M”x TM Tx.Mİ, vhere Mf is a proper slant submanifold, MT is an invariant and 
M£ is an anti invariant submanifold of a 1.p.R. manifold UM, g,.7). After that vve investigate 
the behavior of the second fundamental form of such submanifolds and as a result, vve give a 
condition for these submanifolds to be locally vvarped product. Firstiy, vve recall the folloving 


fact given in İTİl to prove our theorem. 


Remark 5.1. /İTİ) Remark 2.1)) Suppose that ihe tangent bundle of a Riemannian manifold 
M spüts into an orthogonal sum TTM € Do 6 Di) 6... Ə Dp of non-trival distributions such 
that each D) is spherical and its complement in TM is autoparallel for ? € 11,2,...,k). Then 


(he manifold M is locallyy isometric to a multiply uarped product Mo xr, Mə xr, x...xn Mk. 
Novr, vve give one of the main theorems of this paper. 


Theorem 5.1. ZEet M be a (Də, D) )-mirzed geodesic proper s.s-i. submanifold of order 1 
of a İ.p.R. manifold (M, g,.F). Then M is a locally) binarped product submanifold of type 
MÜ XT MT x,.MT iff uc have 


AnpzX — cos”0Z(A)X, (5.36) 


AxzV 4 AnPzYV — - sin”6Z(u)7V (5.37) 


for smooth. functions X and x satisfying X(X) € V(A) € ÜU and X(u) € V(u) — Ü and 
9(ArxZ,PVV) — —g(AnpvvZ,X), (5.38) 


gtAzxÜU,FV) — 0, (5.39) 


dtAy 700, (5.40) 


164 S. GERDAN AYDIN, H. M. TAŞTAN, M. TRAORE, AND Y. ÜLKER 
9(ArxZ,ZU) “0, (5.41) 
9(AzxU,PZ) — —g(AnpzU,X), (5.42) 
for Z,VV € T(Də), U,V € T(Dz), X,Y € (Di). 
Proof. For any Z € T(Də), U € T(Dr) and X € T(D)), using and (5.17), 
g(AnpzX,U) — —g(VxNPZ,U) — -g(VxFPZ,U) 4 9(VxP?Z,U). 
By using - and (5.18), vve find 
g(AnpzX,U) — —g(V x PZ,FU) 4 cos”09(V xZ,U). 
Here, using (244), vve arrive to 
g(AxpzX,U) — —9(V x PZ,FU) 4 cos”99(V xZ,U). 
So, using (2). vve conclude that 
g(AnpzX,U) — —PZ(ln c)g(X, FU) H£ cos?69Z (ln v)g(X,U) — 0. (5.43) 
Since M is (Də, D) )-mixed geodesic, for VV € T(Də) using (2:5). vve find 
g(AnpzX,VV) — g(h(X,VV),NPZ) —0. (5.44) 
Next, by a similar argument, for Y € T(D), ), using and 65.17), vve have 
g(b(X,Y), NZ) — 9(VxY,NZ) € 9(VxY,7Z) — 9(VxY,P2). 
Then using (2.:4), (2.15) and (L2. vve find 
g(5(X,Y),NZ) — 9(VxZ7Y,Z) r PZ(no)9(X.Y). 
Hence using and (2.5). vve arrive to 
g(5(X,Y), NZ) — —g(Azy X,Z) H PZ(nc)9(X,Y) 


— —g(h(X, Z).FY) — PZ(nc)9(X,Y). 


In this equation, if vve interchange Z vith PZ, then vee have 
g(h(X,Y),NPZ) — —g(b(X,PZ),YY) 4 cos”6Z(ln c)g(X,Y). 
Since HM is (Də, D) )-mixed geodesic, vve conclude that 


g(AxpzX,.Y) — cos?9Z(ln c)9(X,Y). (5.45) 
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Moreover, vve have X(ln o) — V(ln c) — Ü, since o depends only on the points of MÜ. So, 


vve conclude that A — ln. Thus, from - (5.45), it follovvs that (5.36). Novv, vve prove 
(5.37). For Z € T(Də), V € T(Dz) and X € T(D)), using and 6.7), vve have 
9tAxzV F Anpz7V,X)  g(AxzV,X) H g(AnPz7V,X) 
— g(AxnzX,V) H g(AnpzX,FV) 
— —g9(VxNZ,V) — g(VxNPZ,FV) 
— —g(VxNZ,V) — g(VxFPZ,TFV) 
--g(VxP”Z,FV). 


Using (2.14), (2.5), and (3.18) and, vve arrive to 


g(AxzV - Anxpz/”V,X) — —g(Vx”Z, V) -k g(VxPZ, V) — g(VxPZ, V) 
-k cos709(V xZ,.FV) -r X(cos?0)9(Z,.FV) 
— —9(V x/Z,V) T cos?69(V xZ,FV). 


Then, using (L2). 24), — (2.15), vve find 


g(AxzV T AnpzFV,X) — —9(VxZ,TV) 4 cos”69(V xZ,7V) 
— —g(VxZ,FV) H cos?69(V xZ,7FV) 
— — sin?99(V xZ,.FV) 


— — sin?9Z(ln c)g(X,.FV). 
Since g(X,.FV) £ Ü, vve conclude that 


g(AxzV z AnpzFV,X) — - sin?0Z(ln c)g(X, FV) — 0. (5.46) 


Similarly, for Z, VV € T(Də) and V € T(Dz), using and 6..7), vve have 
g(AxzV “ Anpz7V,V)  g(AxzV,V) - g(Anpz7V,VV) 
— g(AxzVV,V) r“ g(Ax”zVV,FV) 
9(VvvNZ,V) — g(Vv,NPZ,FV) 
g(Vy,NZ,V) — g(VyyFPZ,FV) 
-g(VyvP?Z,FV). 


Using (2.14), (2.5). (3.17) and 6.5), vve arrive to 


g9(AxzV - AxpzFV,V/) — -—g(Vyy7Z,V) H 9(Vv,PZ,V) — g(VvvPZ,V) 
-k cos”09(Vyy Z,.FV) -- VV (cos?0)9(Z, FV) 
— —g(Vy,.FZ,V) £ cos”09(Vyy Z,.FV) 
-VV (cos?0)9(Z, FV). 
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Then, using (L2). 24), - (2.15). vve find 
g(AxzV - Anxpz/V,V/) — —9(VyyZ,FV) 4 cos”0g(Vy, Z,FV) 
-LVV (cos?0)9(Z,.FV) 
— —g(Vy, Z,.FV) HT cos? 09(Vyy Z,.FV) - VV (cos?0)g(Z,.FV) 
— — sin”0g(Vy, Z,.FV) -t VV (cos?9)9(Z, .FV) 
— — sin? Gg(V/,Z,FV) 4 VV (cos?9)9(Z, FV). 
Since dÜVTZ, EV) — 0 and g(Z, FV) — Ü, vee conclude that 


g(AxzV £“ AnpzFV,VV) — — sin?99(Vİ,Z,.FV) -- VV (cos?0)g(Z,.FV) — 0. (5.47) 


On the other hand, for Z € T(Də) and U, V € T(Dz), using and (5.17), vve get 
9(AxzV F AnpzZ7V,U) € g(AxzV,U) F g(AnPzZV,U) 
— g(AxNzÜ,V)  g(AnpPzU,FV) 
— —9(VuNZ,V) — 9(VuNPZ,FV) 
— —g(VuNZ,V) — g(VuFPZ,FV) 
-(VuP?Z,FV). 


Using (2.14), (2.15), (3.17) and (3.18), vve arrive to 


g(AyzV -- Anpz7V,U) — -g(VuFZ,V) -g(VvPZ,V) — g(VuPZ,V) 
- cos”0g(Vu Z, FV) -H U(cos?0)g(Z,.FV) 
— —g(Vu.FZ,V) -- cos? 0g(VuZ,FV) 
“LU (cos?0)9(Z,.FV). 
Since U İcos?6) — 0, using (L2. (24), - (2.5), vve find 
g(AxzV H AnpzFV,U) — -g(VuZ, FV) H cos”09(VuZ,FV) 

— —g(VuZ,FV) H cos?09(VuZ,FV) 
— — sin”09(VuZ,.FV) 
— — sin?9Z(ln f)9(U, .FV). 


So, vve conclude that 
g9(AxzV 4 AnPzFV,U) — — sin”6Z(In f)9(7V, U). (5.48) 


Moreover, vve have X(ln f) — V(ln f) — 0, since f depends only on the points of M”. So, vve 
conclude that zı — İn f. Thus from " (5.48), vve get (5.37). 

Next, vve prove - (5.42).VVe knov (HM is a bivvarped product proper s.s-i. submanifold 
of order 1 of a locally product Riemannian manifold (UM, g,.F). Then, for Z, VV € T(Də), 
using (L3), vve get VzVV/ — VEVV and for X € T(D), ),ve have 


g(V zVV, X) — sec”919(AzxZ, PVV) -- g(Anpv/Z,X)) — 9(VZVV,X) —0 
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from (3.22). Since Mf is a proper slant submanifold, it follovvs that 
9(ArFxZ, PV) un g(Anpvy Z,X) — , 


vvhich gives (5.38). For U, V € T(Dz) and X,Y € T(D)), using (1.3), ve get g(VuV, X) — 
9(VİV — g(U, V (ln f), X) — 0. Then from (3.24) ve find 


g(VvUV, X) € g(ArxU,TV) “0. 


Therefore, vee get (5.39). For U € T(Dz) and X,Y € T(D))), using (1.3), ve get g(VxY,U) — 
9(VİxY — g9(X,Y)V(ln co), U) — 0. Then from (3.26) ve find, 


g(VxY,U) — —g(Azry X,ZU) —0. 


Hence, vve conclude that (5.40). For X € T(D)), Z € T(Də) and U € T(Dz), using (1.2), 
vve vrrite g(V z X, FU) — g(Z(in c)X, FU) £ Z(ln c)g(Z, FU) — 0. On the other hand, from 
(3.28İ) vve find 


9g(VzX,FU) — -g(ArxZ,ZU) —0. 


Thus, vve get (5.41). For X € T(D)), Z € T(Də) and U € T(Dz), using (1.3), vve have 
g(VuX,Z) £ 0. Then, from (3.29) vve find, 


g(VuX,Z) — — sec”919(AzxU,PZ) 4“ g(AxpzU,X)) —0. 


It follovs (5.42). 


Conversely, assume that (M is a proper (Də, D) )-mixed geodesic s.s-i. submanifold of 
order 1 of a locally product Riemannian manifold (UM, g, 7) such that - hold. 
From (5.38), vve get 65.31). On the other hand if vee vrite /FV instead of V and VV instead 
of Z in (5.37), vee find Axyy.FV £ AxPvVV — — sin? 6VV (u)V. If ve take inner product of 
this equation vvith Z € T(D)), vve get 


g(Axv, FV HE AnpvV,Z) — g(Axv/ Z,FV) r g(AnPvvZ.,V) 
— — sin”6VV (u)g(V, Z) — 0. 


So, (3.30) holds. "Thus from Theorem (3.1), the slant distribution Də is totally geodesic 
and as a result, it is integrable. On the other hand, from (5.39), for all U, V € T(Dzr) and 
X € T(D)), ve vrite g(AzxV,.FU) — 0. Thus, g(AzxV, ZU) — g(ArxU,Z?V), vhich is 
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(3.32). On the other hand, in (5.37), if ve vrrite .FV instead of V, ve find Ayz.”V--AxnpzV — 


— sin?9Z (uu)V. If ve take inner product of this equation vith U € T(Dz), ve arrive at 


g9(ANzZV HF AnpzV,U) € g(AxzZV,U) Tr g(AnPzV,U) 


(5.49) 
— — sin?0Z(u)9(V,U). 
Here, if vee interchange U and V in (5.49), vve find 
9(ANzZTU FE AxPzU,V) € g(AxzZU,V) H g(AnpzU),V) (5.50) 


— — sin?0Z(u)9(U, V). 


From and (5.50), ve get g(ANzU, YV)H9(AxPzÜ,V) — g(AxzV,FU )-g(AnPzV,U). 
This is (3.33). Thus, by Teorem)5.2) the invariant distribution Əz is integrable. On the other 
hand, for all X, Y € T(D)) and U € T(Dz), ve have g(AzyX, FU) — 0 from (5.40). Tt fol- 
lovvs that g(Azy X, FU) € g(ArxY,ZU) — 0. That is (3.34). Also, vve get 

g(VxY,Z) — — sec?9(9(h(Y, PZ),.FX) 4 g(AxpzX.,Y)) from (5.25). Since İM is (Də, D))- 
mixed geodesic, it follovvs that g(R(Y, PZ),.FX) — 0. Then, ve find g(V xY, Z) — g(VyX,Z). 
Thus follovvs. "Then by Theorem the totally real distributions D:) is integrable. 
Let MÜ, MT and MT? be the integral manifolds of Də, Dr and D) , respectively. If vve denote 
the second fundamental form of MT in MM by PT, for U,V € T(Dz) and X € T(D) ), using 


(2.4), and (5.39). vve have 
g(hT(U,V), X) — g(VvV,X)  g(AzxU,FV) 0. (5.51) 
For any, U, V € T(Dr) and Z € T(Də), using (2.4) and (3.23), ve get 
gb "(U,V),Z) — g(VUV,Z) £ esc”6g(AnpzU,V) “ g(AxzU,7V). 
At this equation, if vve use (5.37), vve have 
o("(U,V),Z) — esc”09(AxpzV 3 AxzFV,U) — -Z(u)9(V,U). 
After some calculation, vve obtain 
g(hT(U,V),Z) — 9(-9(U,V Vi, Z), (5.52) 
vrhere Vu is the gradient of ,. Thus, from and (5.52), vve conclude that 
hT(U,V) — —9(U,V)Vu. 


This equation says that MT is totally umbilic in M vrith the mean curvature vector field -Vu. 


Novv, vve shovr that —V is parallel. VVe have to satisfy g(VuVu, E) — 0 for U € T(Dzr) and 
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E € (Dr)k — Də € DI. Here, ve can put E — Z T X, vhere Z € T(Də) and X € T(D)). 


By direct computations, vve obtain 


g(VuVu, E) — (Ug(Vu, B) — g(VitVuB)) 
— U(E(u)) — VU, Ellu) — g(Vi, VeU) 
— İU, Ellu)  E(U(u)) — TU, El) — 9(Vu,VeuU) 
— —g(Vi, VU) — -9(Vi,VzÜ) — g(Vi, VxU), 
since U (u) — 0. Here, for any VV € T(Də), vee have g(VzU, VV) — —g(U, VzVV) — Ü, since 
M is totally geodesic in M. Thus, VzU € T(Dz) or VzU € T(D) ). m either case, vee have 


g(Vu, VzU) —0. (5.53) 
On the other hand, from (3.27), vve have 
9(V xU,VV) — —g(U,VxVV) — — ese”0(9(AxpyyX,U) FE g(AxvX,FU)). 
Here, using (5.37), vve obtain 
gÜUVxU,VV)  gÜV (u)U, X) “0. 
That is, VxU € T(Dr) or VxU € T(Dı). In either case, ve get 
g(Vu, VxU) 0. (5.54) 


From (5.53) and (5.54), ve find 


9(VuVi, E) —0. 


Thus, MT is spherical, since it is also totally umbilic. Consequently, Dz is spherical. 


Next, vve shovr that D, is spherical. Let hr” denote the second fundamental form of Mİ in 


M. Then for X,Y € T(D)) and U € T(Dz), using (24), and (5.40), vve have 
g(1(X,Y),U) — g(VxY,U) — —g(AzyX,TU) —0. (5.55) 
On the other hand, for any Z € T(Də), using 
g(hl(X,Y),Z) — — sec”91g(h(X, PZ),FY) E g(AypzX.Y)). 
Since M, (Də,D) )-mixed geodesic, g(R(X, PZ), YY) — 0. So, vee have 
güv((X.Y),Z) — -g(Av”zX)Y). 


Using (5.36), vve obtain 


g(r(X, Y).2) ıı —Z(A)qX:Y). 
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By a direct calculation, vve get 
g(h7(X,Y),Z) — —9(V Ag(X,Y),Z), (5.56) 
vrhere VA is the gradient of A. From and (5.56), vve obtain 
hT(X,Y) — —g(X,Y)V3. 
So MT is totally umbilic in M and the mean curvature vector field is -—VA. VVhat”s left 
is to shov” that —VA is parallel. VVe have to satisfy g(V VA, £) — 0 for X € T(D)) and 


E € (Dı)İ — Də? 6 Dr. The proof is similar to the parallelity of —V,u. So vve omit it. —VA 


is parallel. So, MT is spherical, since it is also totally umbilic. Consequently, D) is spherical. 


Lastly, vve prove that (Dr) — Dp 6 D), and (D m. — Də € Dz are autoparallel. In fact, 
Də € D) is autoparallel iff all for four types of covariant derivatives V zV/, VzX, VxZ,VxY 
are again in T(Də 6 D)) for Z,V/ € T(Də) and X,Y € T(D)). Tüis is equivalent to say 
that all four inner products g(V zVI/, U), g(VzX,U), g(VxZ,U), 9(VxY,U) vanish, vhere 


U € T(Dr). Using (3.21) and (5.37), vee find 


g(VzVV,U) — — csc?9fg(Axpy/Z,U) FE g(AxvZ,7U)) 
-— csc?”0g( Ax pyvU - ANy ZU, 2) 
— VV (u)g(U, Z) — 0. 


Using (3.28) and (5.41), vve find 
dv. ——(42:2.70)-0. 
By (3.27) and (5.37), ve get 


g(VxZ,U) — — cse?0(g(AxpzX,U) Hr g(AnzX,FU)) —0. 


By (3.26) and (5.40), vve find 
g(VxY,U) — —g(Azy X,FU) —0. 
Thus, D9 6 D) is autoparallel. On the other hand, Də € Dz is autoparallel iff all four 


inner products g(V zVI/ X), g(VzU, X), 9(VuZ, X),9g(VuV, X) vanish, vhere Z, VV € T(Də), 
U,V € T(Dz) and X € T(D) ). Firstly, vve have already g(V zU, X) — 0 from above. Using 


(3.22) and (5.38), vve get 


g(VzVV, X) — sec”9(9(AzxZ, PVV) F g(AnPpv Z,X)) “0. 
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Using and (5.39), vve find 


g(VvV,X) — g(ArxU,FV) —0. 


And for last one, by (3.29) and (5.42), ve get 
9(VuZ, X) — -g(VuX,Z) € sec"9(9(AzxU, PZ) k g(AxpzU,X)) “0. 


So, De Dz is autoparallel, Thus by Remarki5.1) M is locally bivvarped product submanifold 
of the form M” Xf MT x..MH.. 

Next, vve investigate the behavior of the second fundamental form 2 of a, non-trivial 
biyvvarped product s.s-i. submanifold of order 1 of a, locally product Riemannian manifold 


M,g, 7) of the form M” x, MT x, MH. 
f 


Lemma 5.1. Let M be a büvarped product proper s.s-t. submamnaifold of order 1 of the form 
M? Xf MT x, Mt of a Lp.R. manifold (M, g,F). Then for h of M m.(M,g,F), uc have 


g(5(U,V), NVV) — -VV(in f)9(U,.FV) -- PVV (ln f)9(U, V), (5.57) 
g(b(Z,U), NVV) — 0, (5.58) 
gü(X,U), NV) cü, (5.59) 
gÜ(Z,U),FX) ei, (5.60) 
gÜü(X,U),7Y) 0, (5.61) 
gÜ(U,V),7X) zi, (5.62) 


uhere Z,VV € T(Də), X,Y € T(D)) and U,V € (Də). 


Proof. For U,V € T(Dz) and V/ € T(Də), using (24), (2.13) — (2.15) and (3.17), ve have 


g(5(U,V), NVV) — g(VV, NVV) — —9(V,VuNVV) 
— —9(V,Vu.FVV) - g(V,VuPVV) 
— —g(FV,VuVV)  9(V,VuPV) 
— —g(7V,VuVV) F“ g(V,VUPV) 
— — VU (in f)9 (FV, U) — PVV (İn f)9(U, V). 
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"Thus, ve get (5.57). Novr, using (24). 2.15) and (3.17), vee get 
g(5(Z,U), NVV) € g(VzU, NV) — —9(U,VzNVV) 
— —g(U, V z.FVV)  9(U,VzPVV) 
— —g(FU,VzV/) F 9(U,VzPVV) 
— g(VV, V 2(7U)) — g(VzU, PVV) 
— gUV, Vz7U) — g(VzU, PV), 


for Z, VV € T(Də) and U € T(Dz). Here using (L2). vve get 
gü(Z,U), NV) £ Zün f)9(TV, 7U) — Zün f)9(U, PVV) — 


since g(TV, .FU) — g(U, PVV) — 0. So (5.58) follovs. The proof of (5.59) is similar. 
For Z € T(Də), X € T(D)i) and U € T(Dz), using (2.4), (2.13) - (2.15) and (3.17), ve get 
g(R(Z,U),FX) — g(VzU,FX) — —9(U,Vz7X) 
— —g(FU,VzX) — —g(FU,VzX) 
— —Z(ln c)g(ZU, X) —0 


since g(FU, X) — 0. So follovvs. Next, using, (24), — (2.15), (5.17 3.17) and (1.3) vee 


get 
g(0(X,U).,FY) — g(VxU,YY) — —9(U,VxFY) 

— —g(FU,VxY) — —g(ZU,VxY) 

- 7. Yicü 
for U € T(Dr) and X,Y € T(D)). Thus, (5.61) follovs. Lastly, using 2.4), (2.13) - (2.5), 
(3.17) and vve get 

g(h(U,V),.FX) — 9(VuV,FX) — —9(V,VuFX) 
— —g(FV,VuX) € -9g(FV,VuX) “0 
for U, V € T(Dz) and X € T(D)). So, vee have (5.62). The other assertions can be obtained 
by a similar vvay. 
The previous lemma, shovvs partially us the behavior of the second fundamental form 2 of 


the bivvarped product proper s.s-i. submanifolds of order 1 of the form M” x 7M TX.Mİ 
in the normal subbundle N(Də) and /F(D)). 


Remark 5.2. The equations (5.57), (5.58), (5.59) and (5.60) also vere obtained as Lemma 


9.1-(ü), Lemma 8.1-(ü), Lemma 3.8-(ü) and Lemma 8.8-(i), respectively in (221. 


By using (5.58) — (5.61), vee immediately have the folloving result. 
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Corollary 5.1. Let M be a bürarped-product proper s.s-i. submanifold of order 1 of the 
form MÜ xy.MT x, Mt of a locally product Riemannian manifold (M), g,Y) such that the 


önvariant normal subbundle Dr — 10). Then M is (Dr,D),) and (Dr, D))-mized geodesic. 
Lastly, vve give another main result of this section. 


TTheorem 5.2. Let M bc a büvarped-product proper s.s-i. submanifold of order 1 in the form 
M” Xf MT x, Mt of a Lp.R. manifold (M, g,T) such that its invariant normal subbundle 
Ör — (10). Then M is a locallıy uarped product in the form MÜ x MT x, Mİ if M is 


Dyr-geodesic. 


Proof. If M is a locally vvarped product of the form M” x MT xə MÜ, then the vvarping 
function / is constant. By (5.57), vve have 


g(b(U,V), NVV) — -VV (ln f)g(U,.FV) -- PVV (ln f)9(U,V) — 0 


for U,V € T(Dzr) and VV € T(Də), since VV (ln £f) — PVV (İn £f) — 0. Using this fact and 
(5.62), it folloves that R(U, V) — 0. VVhich say us M is Dz-geodesic. 
Conversely, let M be Dy-geodesic. Then for any U, V € T(Dz) and VV € T(Də), vve have 


VV (in f)9(U, ZFV) HE PVV ün f)g(U,V) 0 (5.63) 
from (5.57). If ve put V/ — PVU in and using (5.18). vve obtain 
PVV (In f)9(U, FV) “£ cos”öV/ (ln f)9(U, V) — 0. (5.64) 
If vve replace V by ZV in (5.64), then becomes 
PVV (In f)9(U, V) 4 cos”6VV (In f)9(U, .FV) — 0. (5.65) 
From and (5.65), vve get 
sin”9VV (in f)9(U,.FV) — 0 (5.66) 


for any U, V € T(Dz) and Vİ € T(Də). Since (5.66) is true for any U, V € T(Dz), it is also 
true for /FV € T(Dz). So (5.66) becomes 


sin”6VV (In f)9(U, V) — 0. (5.67) 


Since IM is proper, sin6 2£ 0, vve can deduce that VV (In f) — 0 from (5.67). Namely, vve find 


f as. a constant. Thus, M must be a locally vvarped product in the form MÜ x MT x, M... 
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6. AN INEQUALITY FOR NON-TRIVIAL BIVVARPED PRODUCT S.S-I, SUBMANIFOLDS OF 


ORDER 1 OF THE FORM MÜ x? MT x. Mİ 


In this section, vve shall establish an inequality for the squared norm of the second fun- 
damental form in terms of the vvarping functions for bivvarped product skevrv semi-invariant 
submanifolds of order 1 of the form M” XT MT x, MÜ, vhere Mf is a proper slant, MT is 


a invariant and M? is an anti-invariant submanifold in a 1.p.R. manifold UM, g,.7). 


Let Mo xş, Mi x, M? be a bivvarped product submanifold in a Riemannian manifold M. 


Then from İŞİ, ve vrrite 


600000 q YxioXo)() “ux 


Q 
0. (6.68) 
“60 175 
Rh 
for each unit vector X) tangent to /M?. Ifvve consider the local orthonormal frame feq, ez, ..., ml 


of TM, in vevr of Gauss equation (2.6), vve derive 
m 
T(TM) -r(TM)İEH )) 3. (nr, z oz), (6.69) 
rem--I 1x:2£7?Xm 


vrhere m, — m — dimT-iM. 


Novv vve are ready to prove the general inequality. Let HM be a m — mö “mai — mə- 
dimensional bivvarped product s.s-i. submanifolds of order 1 of type M” x ÇM Tx.MUina 


locally product Riemannian manifold (M, g,..F). A canonical orthonormal basis is given by 


1eı, 6, Emo €moml) lh li, €mo mi? Emmi 1) LLL), Emmi mə? Em- 1)... em) of T.M such that 
1€1,..., €mo ) is an orthonormal basis of 7.MÜ, (ey eq, - . -) €mgo--mi ) is an orthonormal basis 
of TMT, T€mo--mi 41) - - -, €mi-Emi “mə ) is an orthonormal basis of TMİ, 1€m-1, --. €m)isan 


orthonormal basis of T-HM. 


Theorem 6.1. Zet M — MÜ x?MT xə.MTt be an m-dimensional non-trivial biuuarped product 


s.s-1. submamnaifold M of order 1 of an m-dimensional locally product Rüemannian manifold 


(M, g,.F). Then 


(0) the second fundamental form of M satisfies 


2 b 17x 7(TM) — T(T.M?) — T(TMT) — T(TMT) 
Af Ac 9(Vf,Vo) (6.70) 


mə F7nimə , 
o To 


mq 
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vhere mi — dimMT and mə — dimMİ. 


(di) The equality case of the inequality (6.70) holds identicallı if MÜ is also totallıy geo- 
desic in M, and both MT and MT are totallıy umbilic in M. 


Proof. Putting U — VV £ e) and V — Z  e, in Gauss equation (2.6), vve obtain 


R(ei, €?, €? ei) — R(e, €?, €?, 22) m ge, €)), h(e:, e))) zi gh(e:, ei), h(ey, e))). 
Taking summation, over 1 € ?, / X mii 2£ ?) in above equation, vve obtain 
2T(TM) — 2r(TM) -m?İ Hİ?” hl”. 


Then from (2.11), ve derive 


1 2 m3 2.2 
1:0) - “O Iİ” r(TM)- 37 Ki 
1x:c/xsmo 
mo m-ma 


.-— ” Kü - 2) 2. Hi 


mo--1x:x7xmno-Fmai mö-Fmic1x:c)xmo-Fmi mə ?—1 9məo-m1 
mo mö-rmi-rmə mo--mi möe-Fmi-mə 

— ) ) Kö, ui ) ) Köz. 
iml 9momdmıdl1 ?-mo--17cmo-Emi-b1 


Hence, vee obtain 


1 m? 
ələl” - 2 Iİ” 47(TM) — v(TMÜ) — T(TMT) — ((TMü) 
mo mecmi mö mö--mi--mə mom mö-mi-kmə 
“9527 9-3). kü- 2. kə 
?—1 9məo-m1 ?—1 )məodHmau--1 ?mmo-1)emommi-i 


Last three terms of first line of above equation can be obtained by using (6.69), then ve get 


m3 


1 z 
əl.” - İH 1" d7(TM) 


-virun- XY) (is - ir) 


rem--1 1X:266Xmo 


—T(TMT) — — (r, i ")) (6.71) 


rem--l mo-—1x/z//xmo-Emqı 


-x(TMD)- Y) ə (zəm - ər) 


rem--I mo-mıi-1xXaz/bxmo-Em-Emə 


3 


mo məemma Tno mö-rmaicmə Tüo-rma möÖö-mmı-rmş 
— ) ) Ki, — ) ) Kö, — ) ) Ki). 
ool 9məoml1 ?x1 )—məo-mai-t1 ?mmo-1)emommi-i 


Novr, using (6.68), for a bivvarped product submanifold, vve find 


mo mö-kmi Af mp mö--mi-Emə Ae 


0.00... 


1—1 /—mo-L1 0-1 /—mo-L-mı--1 
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and 


mo--mi mö-Fmi-mə - 9(Vf, Vo) 
Kö, — —?7):7ıo : 


fo 


?-mom132“modmaiı-dl1 


If vee use these equations in (6.71), vve obtain 


1 
1.0 - 


—7(TM?) — . 7 (6 Z -oə)) 


rem--1 1x:z£6X mo 


-vrun)- x (işi - ip) 


r-m--I mo-—1xX/z//mo-Emi 


-r(TMi)- Y) y Üz - ny). 


T—m--1 mo-Emı--1xXaz/bX mo-Em-Emə 


If vve arrange this equation, vve arrive to 


2 A Ac Vf.Vo 
So lz (Paint) — mö - m7” qimm, Y7-ve) 
—T 


(TM) — T(TMT) — 27(TMİ) 


1 
1.07 - 


.. (iz x 2. x (hp) 
-m-- -m 


T 1 1X:2Z6X mo T ElmomH1X/2//Xmo-Emi 
m m 
m2 Tar 
kz ğ (ha” ğ ğ (hühu) 
rem--1 mo-—Hmi1xayebxmo-rmi--mə rem-i 1xiözetXimo 
m 


-. — (h))hu) 


Tr—m-L1 mo-1X//2mo-Emi 


-” ”— (haahip). 


m--1 mommim-1xayıbxmo-rmiTmə 


l 
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çü 
Adding and substracting the term 2 ”. ( 1)” ...- öpər) in the above equation, 
Tr—m--1 
vve find that 


Af 2” A mm,(İFİ.Ye) 
f o fo 


—T(TMf) — T(TMT) — T(TMT) 


1 m? 2 
li)? -. SO I” 47(TM) - m 


3 
3 


. (hq: 


-- 
Ü7 
.. 
İM 


r—m-ml 1xizitxmo r—m-I mo-F1X/z//Smo-Emi 
m m 
r. Tur 
— b b (Bep)” — b b (baha) 
rem--l mo-mi-1xaz”bxmo-Em “Emə rem--1 1x:z66X mo 


-y ” (yun (6.72) 


rem--1 mo-—1x)z//xmo-mq 


m 2 ” (haz hip) 


r-milmo mı-lxaşebxmo-Emi mə 
1 ç m 2 T 2 
122. (m? dd zə) 
rem-k1 
1 m 
“5: (065 kl. azəri 
r—m-k-1 


Here, by (2.7), vve have 


1 m T T . T” T” 
1 F-X (my ə pərdə Yə Onnr). 
mai r-m--l 1X/Z/ Sm 


Using this equation in (6.72), vve obtain 


1 m? Af Ac 9g(Vf,Vec) 
— Ib 1” — — İl Hİ” 7(TM 75 
ə ll ə İl Fİ dz(TM) — mi ..” “ mimə fo 
—T(TM?) — T(TMT) — (TMİ) 
— (dl r 2. 5. (in) 
rem--I 1x::26tX mo rem mo-—1x9z//xmo-myiı (6.73) 


m m 
— 2, . (hə - İl Hİ" 


rem--Imno-mıi-1xaşebxmo-Emi mə 


ə. . (( uğ nər). 


Novr, the inequality (6.70) comes from (6.73). The equality sign in (6.70) holds iff 


2. 2. (i”-0 and 
r-m--1 1Xiz2Xm (6.74) 


— (( ağ ipəyi) 0. 


m 
r—m-k-1 
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It follovs that, by — g(hle:, ez),e,) — 0 for i,? € 1,...,m and r € m4-1,...,m. VVhich 
says us hb 0. For a bivvarped product submanifold of the form 4 — MÜ x pM T X. Mİ, vre 
knovr already that Mf is totally geodesic in M and both MT and MT? are totally umbilic in 
M. Since, the second fundamental form h of M vanishes, identically, it follovs that M” is 
also totally geodesic in /M and both MT and MT are also totally umbilic in M. 


Novr vve give an application of the inequality (6.70). 


Theorem 6.2. Zet M — MÜ” x?MT xə.MTt be an m-dimensional non-trivial biurarped product 
s.s-1. submanaifold M of order 1 of an m-dimensional locally product Rüemannian manifold 
(M — Mh(cı) x Mə(cə),.F, g). Then the squared norm of the second fundemental form h of 
M satisfies 

Af Ac 

f o (6.75) 


1 
II k.II” s (cı “E cə)İ mom “ mömş HE mimi) 2mq 
9(Vf,Vo) 
fo 


qhere mə — dimMÜ, mı — dimMT, mə — dimMft and mo “- mı E mə -m. 


-E2maqmə 


Proof. 0n (2.16), substituting X — ei, Y — Z — e) and take inner product vrith e: in the 
above equation, vve obtain 
100000 0 yi "- oda, €) )9(eı, ei) — g(ei, e))g(e), ei) 
satFe oatFv o) - g(Ferelatroro)) 
“(ci - cə) (ep, elac) — gfe:e))9(ei, ci) 
“g(”eş, ei )g(ei, ei) — gUF”ez, e))g(eş, all. 


Taking summation over basis vectors of 7//M for 1 € ? Z£ ? X m, ve get 
z 1 2 
27(TM) — ril zı 2. gtei, e))9(ei, ei) — 2. g(e:,e)) 
1xizZ izm 1xizZ ism 


£ OY) (Fey olıirasa)- R) giraal(To,o) 


1x:22/Xm 1X/z6/?Xm 


“q -c)l 27 gte),e))g(Fei ei) — 20) g(es e))giTeş, ei) 


1X:2/Xm 1X/z£/Xm 


KOY) göro cılaese)—.Y) ge elif eli. 


1xiz/ixm 1Xiz iXm 


Let M be an m-dimensional non-trivial bivvarped product s.s-i. submanifold M of order 1 
of an m-dimensional locally product Riemannian manifold M — Mü(cı) x Mə(cə) in the 


form MÜ x £M T X. Mİ. VVe choose the orthonormal frame ftelds of T.M” and TMT 


INT. 7. MAPS MATH. (2022) 5(2):154-181 / BIVVARPED PRODUCT SUBMANIFOLDS 179 


an der — see Pemuoi.ye, — seciPaşuy r and (Fa aad 6 ee 
—€t-E1: . . ., 7Emp--mi “ —€mpo-tma )) Tespectively. Also, vve choose the orthonormal frame fields 
of TMT as TEmo--mi 41) L -.-, €mo-Emi--Emə ). Here, for 1:€ £? € mə, ve have gÜZ ei, ei) — cosğ 


and for 1: X ? ££ ? € mo, vee have g(Zeş, e)) — Ü, since M 9 is a slant submanifold vith slant 
angle 6. Also, for mo FE 1: £? € t, vee have g(ZFe,ş, ei) € 1.and for £ H1:X ? X mo £ mi, 
vve have g(/Fei, ei) — —1. Moreover, for mo Hmi FİX ? X mo EF mi Fimə — m, vve have 
gÜFei, ei) € Ü and for mo FE mi E1X 6 ? € mo kmi FE mə — m, ve have g(ZFeş, e)) — 0, 
since /MTt is an anti-invariant submanifold. Thus, using these facts, vve obtain the follovring 


9t”e,, ei )9U”es, ei) € ma — 3, 
mo--1X/257 mom 


” gU”ey, e))g(”ei, ei) — (mo —1) cos?6, 


1X/Z/mo 
x gtei, e))gUF”ei, ei) — 2: — mi —1, 
mo--1Xi2£/Smo-Emi 
3. 
1Xi6/ mo 
x gU”e), ei )g(7” ei, ei) — gtei, e))9U”ei, ei) — 0, 
mo--mi1Xiz/xm momiml1xiz ism 
and 
” gU”e,, e) gfeş, ei) ə 7 gU”ez, ei 9V”eş, ei) —. 
Xi) xm Xizi xm 
"Thus, vee find 
ı 
2T(TM) — riz “- cə)4 m(m — 1) EF mi — 3 £ (mo —1) — 
1 (6.76) 
uru. -— o)(ə0 mı — 1) E2(mo —1) — 
Similarly for T.MÜ, T.MT and TMİ, ve derive 
ı 
27(TM?) — (cı 2 — 1) EH (mo —1) — 
4 
1 (6.77) 
urus — 2u — 1) cos 0) 
- T 1 
27(T1"Mİ) — — (cı F cə)4 mi(mi — 1) EH mi —3 
4 
1 (6.78) 
urus — o)(20 — Tn — 0) 
- zi 1 
ZM ril -E cə)4 mə(mə — 1) r. (6.79) 


Thus, using (6.76) — (6.79) in (6.70), vve get the inequality (6.75). 
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ON THE MANNHEIM PARTNER OF A CUBIC BEZITER CURVE IN F5 


ŞEYDA KILIÇOĞLU  ÜÖ AND SÜLEYMAN ŞENYURT, Ü) “ 


ABSTRACT. İn this study vve have examined, Mannheim partner of a cubic Bezier curve 
based on the control points vrith matrix form in E”. Frenet vector fields and also curvatures 
of Mannheim partner of the cubic Bezier curve are examined based on the Frenet apparatus 
of the first cubic Bezlier curve in EF”. 

Keyvvords: Beözier curves, Mannheim partner, Cubic Bezier curve 


2010 Mathematics Subyect Classification: 53A04, 53A05. 


1. INTRODUCTION AND PRELIMINARIES 


French engineer Pierre Bezier, vvho used Bözlier curves to design automobile bodies stud- 
ied vvith them in 1962. But the study of these curves vvas first developed in 1959 by math- 
ematician Paul de Castelfau using de Castellau”s algorithm, a numerically stable method 
to evaluate Bözier curves. A Bözler curve is frequently used in computer graphics and re- 
lated fields, in vector graphics, used in animation as a tool to control motion. "To guarantee 
smoothness, the control point at vvhich tvvo curves meet must be on the line betvveen the tvvo 
control points on either side. 1n animation applications, such as Adobe Flash and Synfig, 
Bezier curves are used to outline, for example, movement. Users outline the vvanted path in 
Bezier curves, and the application creates the needed frames for the obyect to move along 


the path. For 3D animation Bezier curves are often used to define 3D paths as vvell as 2D 
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curves for key-frame interpolation. VVe have been motivated by the folloving studies. First 
Bezier-curves vvith curvature and torsion continuity has been examined in İ6l. Also in İ2), 
and İZİ Bezier curves and surfaces have been given. In İil Bezier curves are designed for 
Computer-Aided Geometric. Recently equivalence conditions of control points and applica- 
tion to planar Bezlier curves have been examined. In İS) Frenet apparatus of the cubic Böztier 


5Ühn order Bözier curve and its, first, second, and 


curves has been examined in EF5. Before, the 
third based on the control points of the 57” order Bözier Curve in EF” are examined too in : 
VVe have already examine in cubic Beziter curves and involutes in and İS9l, respectively. 
Also Bertrand mate of a cubic Bezier curve based on the control points vvith matrix form has 
been examined vvith Frenet apparatus in İTİİ. Here vee vrill examine the Mannheim partner 
Of a, cubic Bezier curve, based on the control points vvith matrix representation. 

The set, vrhose elements are Frenet vector ftelds and the curvatures of a curve q (£) C ES, 
is called Frenet apparatus of the curves. Let o:(£) be the curve, vvith n — İla” (£)İİ 25 1 :and 
Frenet apparatus be 1T (t) , N (t), B(t), K (t) ,r (t)). Frenet vector fields are given for a non 


arc-length curve 


af (t) - ar (t) Aar (t) 
087 hə o “ƏT PAT), (0 1 6) Ae" (ƏT 
.. iz (6) As” (0) : .. (a/ (£) Aof (t) .a"(t)) 

” İle: (9)lİ” 7 lla/ (£) Aa” (9)1/ 


vrhere k (£) and zr (£) are curvature functions. Also Frenet formulas are vvell knovn as 


PB 0 -—r 0 İB) 


Generally, Beziers curve can be defined by m -- 1 control points Po, Pi, ..., Pa vvith the 


parametrization 
Tü 
mn, ə m. 
B() - Y(EİSa- ini, 
—Ü 
vvhere () — 4f Şi is knovrmn as the usual binomial coefficients. 1n this study vve vvill 
? ln — ?)l 


define and vrork on cubic Bözier curves in EF”. For more detail see İl) S). 


Definition 1.1. A cubic Bezter cuürve is a special Bezier curve and it has only four points 


Po, Pi, Pə and Pə, its parametrizatton is 


o: (6) — (1 — £)” Pi c 3t (1 — £)” Pı 30? (1 — 6) Pi - 5Pə 
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and matriz form of the cubic Bezier curve unth control points Po, Pi), Pə, Pa, is 


Also using the derivatives of a, cubic Bezier curve Frenet apparatus İT, N, B, k, 7) have 
already been given as in the folloving theorems by using matrix representation. For more 


detail see in İS). 


"The first derivative of a, cubic Bezier curve by using matrix representation is 


ə 
t? b — 3 Qo 
əfi iq - x d Q: 
ı 1:0 0 Qə 


vrhere Qo — 3(Pı — Po) — (zo, go, 20), Qı — 3(P.— Pi) — (zı 1nzi), 
Qə — 3(Pi — Pə) — (rz, yə, zə) are control points. 


The second derivative of a, cubic Bözter curve by using matrix representation is 


T 


vvhere Bo — 6 (Pə) — 2Pı r Po), Ri — 6(P3i — 2Pə H Pı) are control points. 


"The third derivative of a, cubic Bezier curve is constant by using matrix representation is 
a") — İRoRa) 


vvith the control point İRo ıl — Ri — Bo — 2İQ1Qəl — 2İQoQil . 
Frenet apparatus 1T”(£) , N (£) , B (tt), r (t) r (t)) of a cubic Bözier curve have already been 


given as in the folloving theorems by using the matrix representation. For more detail see 


in İ9l. 
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Tangent vector field of a cubic Bezier curve o: vvith, Ila/ll — ə has the folloving the matrix 


representation 
"ü 
t? 1-21 70 10 20 
1 
.5- t —2 2 0 YT1 1011 21 
1 1 00 To o 22 
T 
t? b r Qo 
1 
nn t -2 20 Qı 
killi o ollo-) 
1 2 
—  Qo(” — 2t--1) — Qı (26? — 2t) —-(?Qə). 


Binormal vector field of a cubic Bezier curve by using the matrix representation is 


T 
5 bii Ölə biş 


“02511” 
İr İ inf iml 

Bi 

-—lu £ 1) Bə 

Bə 


6 
— (Bit? - Bət —c Ba) 
m 
vrhere m — İla” Aor”İl and 


bii — (goz) — zo — yozə FT yəz0 “izə — vəzi), 


biz — (zi20 — Z021 FE 7022 — Z220 — Zi22 T Toz), 


biş — (zoyi — zi00 — Zoo F Təyo FT Tiyə — Toy), 


boy — (2) z0 “- yozə — 2g021 — vəzv), 


boş — (2z0z1ı 27120 — 2022 4 2220), 


boş — (2x)yo — 2x0yi “Toy — zəyo), 
bai — yozi — 120, 
Dao — Ti20 — To27, 


baa — x) — T1)0. 
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Normal vector field of a cubic Bezier curve is a 4£) order Bezter curve and it has the 


matrix representation as in 


T 
tf mi mi? miş 
e no 1Tə2 məş 
6 
N (t) — — İ 12 
(£) ml İ nı mə məş 
t Tn41 17142 Taş 
E bə Ti2 ” 
T 
müb 
KİL 
6 
—..—— - Nə 
rm, 
ı t ı N3 İ 
il ləl 


6 
— — (Noff r Nit? £ Nət?  Nst Na) 
ım, 
vvhere 


mi) — biədiş — bisdiş, 
məq — biədəş — bişdəə m bəədiş — bəşdiə, 


mə — biədaş — bişdaə “ bəodəş — bəşdəə € Öşədiş — bşsdiə, 


naı — bədə — boşda m baodaş — Öşadəə, 

nöq: — bazdsa — Öşadaş, 

niz: buidiş — bisdin, 

nəə — —bidəş — byidis £ bişdi € bəsdir, 

naz. bəadaı £ basdı — bnidas — bodəş m biadaı — baidis, 
naz — —boidaə — bşidəş m bəşdəi — ada, 

nəz — —bşidsş dk bada, 

nis — buidiə — bizdin, 


məş — Dyidəə — biədəi m boidiə — bəydir, 


məş — Dyidəə — biədai FF bəidəə — bədii “ Öşidiə — bədi, 


INT. 7. MAPS IN MATH. (2022) 5(2):182-197 / ON THE MANNHEIM PARTNER OF A CUBİC ... 187 
naş x boidsa? — boodşi € baidəə — başdan, 
məs — Dada? — bşədsan. 


The first and second curvatures of a, cubic Bezier curve by using the matrix representation 


are 
bri “bilə “biş 
20y5əi — 2biəbəə T 2bi3bəş 
6 
K. (t) — m Tİ 2b)15si — 2br2baə — 2bisbaş “bzi — bğə bu 
t 2025şi — 2bəəbşə —c 21əsbəş 
İ 1 ı bə — bə) m 53: 
t3 Cə 
r ı 
t Ca 
Mü 
- . (Cytt £ Cgt F Cşt? k.Cüt c C5) 
ül 
vvhere 


Ci bn) H bi? — biş, 

Cə 20yi5ə F 2bi20əə T 2bisbəs, 

Cş  2biibsi “E 21253) —E 2bisbaş “—t böi € bö? m bəs, 
Ca: 20u0si F 2bəəba? — 21ə3bas, 


Cb — böl - bə -- bis, 


and 
Z0yız2 — Z0)221 — T1)022 EF Ti)220 EP T2)021 — 227120 
ı : 
?yı 


T (£) — 
2. MANNHEIM PARTNER OF A CUBIC BEZIER CURVE 


Mannheim curve vvas firstly defined by A. Mannheim in 1878. A curve is called a 


Mannheim cuürve if and only if Rə R. R is a nonzero constant, k is the curvature and r 
is the torsion. Mannheim curve vvas redefined as: if the principal normal vector of first 
curve and binormal vector of second curve are linearly dependent, then first curve is called 
Mannheim cuürve, and the second curve is called Mannheim partner curve by Liu and VVang. 


As a result they called these nevr curves as Mannheim partner curves. For more detail see 
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TÖ, a” (6) — o (6) Fu (6) B” (6), N — B". Hence o” (£) — a (t) EF au (t) N (6). VVe knovr for a 


Mannheim curve a, that x is constant. 


dor dor dor 
Since " — nT-L (£) N (nu (—T —rTB), F İB” and ı LN, ve get vu is constant. 
1 
Also dids" — ? and İzl is the distance betvveen the curves o: and a”. Also vve can vrite 
cos 
di 
ds vlmur. 


Theorem 2.1. The Mannheim partner of a cubic Bezter curve has the folloving matris 


representatqon 
m 6 
4 
t "u 
b yaNı “-P.b3P,-02B)--hı 
o — ı t? İ qaNə “.3Pə — 6Pi 4 3P) 
t s Na —3Pi — 3Po 
ıl qəNa —- Po 
Proof. Let a” — o (£) .uN be Mannheim partner of a cubic Bezier curve o: (£), 
hence 
T 
T . No 
ə el $ e:4 Po 
p N:) 
. 3 -6 3 0 Pı, 6L 
ük 


dieiqi””il- 


1 Nı 


— Pə (36? — 365) HE £5Pş — Po (ct? 436” — 3-1) HP) (36? — 6? 36) 


6 6 6 6 6 
un EAN,- (F.Ns İ (2FENş 1 (EN İ (ÜNQ 
mn m 7 mn mn mon 


6 6 
— 4754 . a 2—50 
mq) ry) 
6 6 
—- t? (Em --3P), — 6P, ön) -İ (Sm -3P, — ön) 
Tr) Tr) 


6 
- 507 -k Po. 
ıı 
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So vre can vvrite this as in the folloving matrix form 


6 
ı Öz Nn 4-Pi4-3P) — 3P) — Pü İ 
ı qaNə --3P) — 6P, -—3P ı . 


qa Ns T3P) — 3P) 
6 
35:77: 


Theorem 2.2. The Mannheim partner of a cubic Bezter curve is a 4fh order Bezdier curue 
oöth constant speed. İt has the control points Pö, Py, FP), Pş and Pğ based on the control 


potnis of the cubic Bezter curve, as in the follouing uray, aühere ny, m are constamis, 


Poz səNa 
2man 


İ ı iPD3iP.- sz Nş4 siNa 


1 1 3 6 
ger 2Po ck d,Nə s 20. 


3 ıl özu L Su L -9u öz 
47070 mo LP So ia 


IB 7 


Ae 3  v 9 


Proof. Let Pö, Py, 2, Ps and Pğy be the control points of 4th order Bezier curve 


vrhich is Mannheim partner of a, cubic Bezier curve, so vve can vvrite 


. İB. söy) ceci ik . sə No 

İ mA (10:12 60 ı İ Pİ ı İ “Ni d.Pa — 3Pi — Po 3Pi ı 

5 -2 6 0 oilimiəl ESR Nə a 3P) a“ 3P) — 6P) i 
-4 4 0 00 Ps “Ns —-3P) — 3P) 

ı İ 0 dü d. xl ı “-R.Na — Pu 


By using the folloving inverse matrix 


uLLu.a 
277777 
006121 
577 
İrriil 
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vve obtain 


R 6 

Pi 000201 my No 

Pİ 00011 EEE Nİ dc Pi — 3P: — PH 3Pi 

51 EEE Nə a 3Pi —.3P) — 6P) İ 

. 01: ii “Na H3P) — 3Po 
— 6 

- iə 25 

vrhich completes the proof., 
Furthermore, the equality ə —constant is knovrn as the offset property, for some 
K?Lr 


non-zero constant. For some function vu, since /V and B” are linearly dependent, equation 


can be revvritten as o” (£) — o (£) — uN (t) vere gç — . Frenet-Serret apparatus of 


2 -L r2 
Mannheim partner curve a”, based on Frenet-Serret vectors of Mannheim curve a are 
T” — cos0 T — sinğ B, 
N” — sinğ T HE cos0B, 
B”—N, 


vrhere $ — 4(T, T”). 


Theorem 2.3. Tangent vector fteld of Mannheim pariner of a cubic Bezier curve based on 


the amgle 0 is 


t? 1 (9P) — 3P) — 9Pə —3P3) cos — Bi sin 6 


Tit n (6Pp — 12Pı - 6Pə) cos9 — İ Bəsin 
zə (P) — Pp) cos — 5 Bisin9 
Proof., Since 7” — cos 6 7 — sin6 B, vve have 


T" — — (Qo (£” — 26 --1) — Qı (26? — 2t) 4-17Qə) cos — ( (But 22) sing 


mn, 


1 
7) 
1 6 

- (£7Qo cos 0 — 2t?Q) cos $ 4 (?Q? cos 9) — —t?Bıisin0 
7) m 

—- 


1 6 
— (—2Q0t cos 6 r 2Q1t cos0) — —tBəsinğ 
7) m 
1 6 
-E Qo cos6 — — Bəsin9. 
7) m 
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"Therefore, based on the control points Qo, Qı, Qə, the follovring matrix representation can 


be vrritten as 


. 
tğ : (Qo — 2Q: F Qə) cos 6 — Bi sin 6 
157 2 (“200 121) cos 6 — “Bə sin 9 
1 “Qo cos 9 — /İ Basin 


Also it can be vritten in the folloving matrix representation, based on the control points 


Po, Pı, Po,Pa 

m 

t? 7 (3 (P, Po) 6 (Pə Pı) -F3 (P3 — Pə)) cos £ — 2 Bi sin 6 

Ti: 2 (c6(Pi — Pp) -- 6 (Pə — P,)) cos0 — 5.Bəsin9 

1 - (P) — Po) cos  — £ Bisin9 
m 

E x (9P) — 3P) — 9Pə “ 3Pi) cos 9 — 2 Bi sin 9 

“İt o (6Po — 12Pi  6Pə) cos 9 — 2 B)sin9 
İ 1 İ 3 (P, — P)) cos — Bs sin 6 1 


Corollary 2.1. Tungent vector field of Mannheim partner can be vritten as in the follouüng 


vay uhere n,m are constants 


T 


b 1-21 mn (mQo cos 0 — 6?)Bə sin) 
Tit -2 2 0 nm (3n Bə sin — mQı cos 6 F 6nBş sin 0) 

1 b 0 -. Zİ (6n.Bı sin ? — mQ2 cos 6 F 6)Bə sin 0 £ 6nB3 sin 0) 
Proof. As a quadratic Bezier curve, tangent vector field of Mannheim partner of a 


cubic Bezier curve vvith the control points Qö, Q7, Q3 is 


T 
E 1-21 öl 
Tit —2 2 0 öl 
1 1: .0” 0 Q3 


Hence, by using the inverse matrix the control points are 


Q 001 : (Qo — 2Q: F Qə) cos 6 — Bi sin 0 
Qlel024 2 (c2Q0 “-2Q)) cos 9 — 2 .Bəsin0 
Qə 111 Qo cos 9 — “5 Basin 
. m (mQo cos 0 — 6ə)Bə sin 0) 
m m (3.Bə sin $ — mQı cos 6 HF 6.53 sin 0) 5 
— nı (695 sin 9 — mQə cos $  6Bəsin 6  6nBs sin 9) 
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"TTheorem 2.4. /Normal vector field of Mannheim partner of a cubic Bezier curve based on 


the amgle 0 is 


m 
iə. 2 (9P) — 8P) — 9Pə -- 3Pi) sin 6 — 2Bi cos 6 


N”—İ: —i (6Po — 12P) £ 6Pə) sin 6 -E “Bə cos $ 
İ 1 İ İ “23(Pi — Pp)sin6 £ 2.Bs cos 
Proof. Since N” £ sin 6 T -“ cos6 B, vve have 


N" — — (Qo ((? — 2t--1) — Qı (26? — 2t) 1 17Qə) sin0 R (But? F Bit Bö) cos0 
((”Qo sin 9 — 2(?Qı sin $ H £(?Qə sin 0) - m cos ğ 


il 6 
- — (“2tQosin 6 £ 21Q) sin0) - —tBə cos6 
7) m 


— 


6 
E —Qosin 6 -F — Bə cos6. 
7) m 


It can be vritten in the follovring matrix representation, based on the control points Qo, Qı, Qə 


T 
t? z (Qo — 2Q: “ Qə)sin6 HE S.B cos 0 
“02 “-£ (C2Q0 “.2Q))sin9 H £ Bi cos8 
1 “Qo sin 6 -r “Bö cos 0 


Also it can be vrritten in the folloving matrix representation, based on the control points 


PFu,?7DboPa 


1(9P) — 3P) — 9P) “-3P3) sin 6 3: 5. Bi cos0 


—i (6Po — 12Pı F£ 6Pə) sin 6 -E “Bə cos 0 
. 1 “23(Pi — Pp)sin6 r Bs cos 0 


This completes the proof. 


Corollary 2.2. Normal vector field of Mannheim partner of a cuübic Bezter can be vritten 


as in the folloung uray, aühere ny, m are constamts 


T 
. b . 1-21 . m) (mQosin 6 FE 6nBş cos 6) 
“EE: -2 2 0 7 (mQı sin 6 £ 3Bə cos 6 F 6rBə cos 6) : 
1:00 - (mQəsin 6 F 6Bı cos 6 FE 6,Bə cos 6 HE 653 cos0) 


N 
1 
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Proof. As a, quadratic Bezier curve normal vector field of Mannheim partner of a 


cubic Bezier curve vvith the control points Ng, N£7, Nş is 


4” 
. 1-21 Nə 
N İt —2 2 0 nn 
1 1:00 NŞ 


Hence, using the inverse matrix the control points are 


N6 001 n (Qo — 2Q) 1-Qə)sin 9 £ Bi cos8 
həd. Rıza xi (—2Q9 4 2Q4 sin 6 F ”-.Bə cos 
1 2 7) m 
N$ ll “2Qo sin 9 -- £ Bs cos9 
. Z (mQosin 6 HE 6nBş cos9) 
— mn (mQ/ı sin 6 F 3Bə cos 6 F 6)Bə cos 0) : 
Zİ (mQəsin 9 “ 6nB) cos 6 F 6n.Bə cos 6 F 6Bə cos) 


This completes the proof. 


"TTheorem 2.5. Binormal vector fteld of Mannheim partner of a cubic Bezier curve based on 


the amngle 0 are 
B"-N 
— a (Not —- N:t3 —- Nət? - Nşt kc Na) : 


"TTheorem 2.6. The curvature and the torsion of Mannheim partner of a cubic Bezter curue 


based on the amgle 0 are have the follouüng equalıttes, 


Proof. Since 


R (t) — m (Ci? — Czt? 4 Ost? — Cit b Cs) 


vrhere 
Ci İn “blə “biş, 
Cə: 2byi5əi F 2bi20əə F 2bisbəs, 
Oş — 2byibsi “t 2bizbsə —t 2bisbaş € bzi “ bö —- 123, 


Ca — 2bəi0si  2bəəbəə m 2bəşləş, 
Cb — ba —- bə — bs 


and 
Z0yız2 — 70)221 — T1)022 EF Ti)y220 EP 720021 — 227120 
7 : 
?yı 


2. 
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The curvature and the torsion have the folloving equalities of Mannheim partner of a cubic 


Bezier curve: 


Ha 
ds” cos6” 
.. 
rT-— 
ur 


- (Citt Cət3 İ Cst? E Cat Cs) 


” ı (Ə — 201221 — T1)o2o — T1220 —F T2)021 — —. 


m2 


— 6m3 Cyti x Cgt? d Ost? Cüt “-C5 
un? T0)122 — Z0)221 — ZT1)022 FT Z1)220 TT 220021 — 22)120 , 


Theorem 2.7. Frenet vector fields UT”, N”, B”) of Mannheim partner of any) cubic Bezier 


curve in E” are 


il . üzun) (9P) — 3Pp — 9Pə -- 3P3) -- 5” Bi 
t İ İ üzun) (6) — 12Pi -- 6Pə) - EZ B) İ 


.. 1 üzun) s (Pi Po) İ öHT pç 
V€ - an)” 4. (ur) 
a 6(1 
eö ET (9P) — 3P) — 9P: -- 3P)) — Sü) p, 
: ET (6Pp — 19P) -- 6P)) — S-ss) p, 
ə 
V/€ — aa)” £ (ur) 
T 
. No 
e N: 
6 
mi 
?n, 
: Ns 
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Proof., Let a curve o” be a Mannheim partner of o: vrith Frenet-Serret apparatus, 
then 
.... (1 — u)T — urB 
V€ - as)” 4.(r” 
N” urT — (1 — ux)B 
V€ - in)” 4.(r” 
B”—N, 
dib 1 
ds" 


üyl( — ix)? 4 (ir)” 
Tangent vector field of Mannheim partner of a cubic Bezier curve is 
1— 
ə (zun) (Qo (£? — 2: --1) — Qı (26? — 2t) 4-12Q2) 4 r £ (Bit? 4 Bat -- Bs) 
V- nn) 4 (ar)” 
üza) (Qo — 21Qo 4: 21Q) 4 7Qq — 202Q) -- (?Q)) (SE Bu? - SET Bətul Şar p:) 
V € - as)” “(ur)” 


Hence its matrix representation, based on the control points Qo, Qı, Qə is 


p a Fə (Qo — 2Q: EF 02)4 m Bı 
t Hə (—200 EF 201) - “ET py 
1 (1 — uK) özT 

İ İ . no (Qo) .. 


Vi - as)” “(ur)” 


and based on the control points Po, Pı, Pə, Pə is 


1— 6 
2 a EF) gp, — a) — 9P) 4-3Pa) “ET, 
7) 7 


- 6 
: 57 (65 — 12F) -:6P)) 3. “7 Bə 
77), 
1 — uK Sur 
1 Hə isp, ə: 
7) 7? 


V- nn)? 4 (ar)” 
So the normal vector field of Mannheim partner of a cubic Bezier curve is 
urT — (1— ux)B 
V/€ - as)” “(ur)” 
ET (Qo (t? — 2:-4-1) — Qı) (20? — 20) 4. 202) — (1 — ux) 2 (Bit? F Bat x Ba) 
Vi - as)” 4. (ur) 


o 
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Hence its matrix representation is 


zü 6(1— UK 
p . . . (Qo — 2Q: --t?Qə) — sü 
6(1— 
t ” (200 1201) - gü ə, 
z 6(1— uk 
1 H dü ( H .. 
N” — 3 
V/€ - an)” 4. (ur) 
6(1— 
i: i n (9P, — 3P) — 9P) -- 3P,) — Sİ mü. 
6(1— 
İ HE menu on 
ÜL 
1 — 
, ı I ı 2500000 
AN — ü m 


VU - an)” i.a” 


Also, since B” — N, its matrix representation is trivial. 


"TTheorem 2.8. The second curvature r" of Mannheim partner of amy cuübic Bezter curve is 


2 
Z0yı22 — 200221 — T1)022 Eb T1)220 EF T72)021 — T2/120 
m2 
6 4 3 2 . 
- (Cu 4 Cab h Cşi? “Cüt Cs) 


"..— 
Vi - as)” “(ur)” 
dB” dB” dt 
Proof. Since - — —r”N” and (—r”N”,—r"N") — r”? vre have 
ds" dt ds" 
2 
1 m S 


VO - as)” 4. (ar) 


By using k (£) and zr (£) of any cubic Bezier curve, vve get the proof. 
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